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Title: Efficient Algorithms for Creative Telescoping using Reductions      
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Abstract: Creative telescoping is an algorithmic method 
introduced by Zeilberger for computing linear functional 
equations  satisfied  by  parametric  sums  and  integrals. 
Initially developed for sums of hypergeometric functions 
and integrals of hyperexponential functions, the method 
has since been extended to broader classes of functions, 
including  ∂-finite  and  holonomic  functions.  In  recent 
years,  a  new  family  of  creative  telescoping  algorithms 
based on reductions has emerged, addressing efficiency 
limitations in earlier approaches. This thesis continues in 
this  direction  by  introducing  two  new  reduction-based 
algorithms.  The  first  one  is  designed  for  computing 
univariate sums of ∂-finite functions, and the second one 
for  computing  multivariate  integrals  of  holonomic 
functions. 

Creative telescoping algorithms rely on the knowledge of 
sufficiently many linear functional equations satisfied by 
the function f  to  be  summed  or  integrated. These equa-

tions  are  represented by  a  left  ideal  in  an  algebra  of 
operators,  known as the annihilator of  f .  For ∂-finite 
functions, this ideal resides in an Ore algebra, while for 
holonomic functions, it lies within a Weyl algebra. In the 
∂-finite case, annihilators are typically easy to compute. 
In  contrast,  obtaining  a  complete  set  of  annihilating 
operators for holonomic functions is significantly more 
challenging.  When  a  function  is  both  ∂-finite  and 
holonomic, one approach for computing its holonomic 
annihilator consists in computing its ∂-finite annihilator 
and  performing  an  operator  called  the  Weyl  closure. 
Although an algorithm for computing the Weyl closure 
exists, it suffers from practical inefficiency. This thesis 
proposes  a  new  algorithm  for  computing  holonomic 
approximations of the Weyl closure of left ideals in the 
Weyl algebra.

Titre : Algorithmes efficaces pour le télescopage créatif utilisant des réductions

Mots clés : Intégration symbolique, Sommation symbolique, Télescopage créatif, Algèbre de Weyl

Résumé : Le  télescopage  créatif  est  une  méthode 
algorithmique introduite par Zeilberger pour calculer des 
équations  fonctionnelles  linéaires  satisfaites  par  des 
sommes  et  des  intégrales  à  paramètres.  Initialement 
développée  pour  les  sommes  de  fonctions 
hypergéométriques  et  les  intégrales  de  fonctions 
hyperexponentielles, cette méthode a depuis été étendue 
à  des  classes  de  fonctions  plus  larges  tels  que  les 
fonctions ∂-finies et holonomes. Au cours des dernières 
années,  une  nouvelle  génération  d’algorithmes  de 
téléscopage créatif, basée sur les réductions a vu le jour 
afin de remédier à des problèmes d’efficacités inhérents 
aux  approches  précédentes.  Cette  thèse  s'inscrit  dans 
cette lignée en introduisant  deux nouveaux algorithmes 
basés  sur  des  réductions.  Le  premier  est  conçu  pour 
calculer des sommes univariées de fonctions ∂-finies, et 
le  second  pour  calculer  des  intégrales  multivariées  de 
fonctions holonomes.

Les  algorithmes  de  téléscopage  créatif  reposent  sur  la 

connaissance  d’un  nombre  suffisant  d'équations 
fonctionnelles  linéaires  satisfaites  par  la  fonction  f  à 
sommer ou intégrer. Ces équations sont représentées 
par un idéal  à gauche dans une algèbre d’opérateurs, 
appelé annulateur de f . Pour les fonctions ∂-finies, cet 
idéal appartient à une algèbre d’Ore, tandis que pour les 
fonctions holonomes, il se trouve dans une algèbre de 
Weyl. Dans le cas ∂-fini, les annulateurs sont en général 
faciles à calculer. En revanche, dans le cas holonome ce 
problème  est  considérablement  plus  difficile. 
Lorsqu'une fonction est à la fois ∂-finie et holonome, 
une approche pour calculer son annulateur holonome 
consiste  à  déterminer  son  annulateur  ∂-fini  puis  à 
effectuer une opération appelée clôture de Weyl. Bien 
qu’un algorithme permettant de calculer cette clôture 
de  Weyl  existe,  il  se  révèle  peu  efficace  en  pratique. 
Cette  thèse  introduit  un  nouvel  algorithme  pour 
calculer une approximation holonome de la clôture de 
Weyl d’un idéal à gauche d’une algèbre de Weyl.
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1 Introduction
This thesis is devoted to the computation of sums and integrals that depend on one
or more parameters. Such quantities arise naturally in many areas of mathematics and
physics, including combinatorics, number theory, algebraic geometry, statistical physics,
and quantum field theory. In this context, computation takes on a particular meaning,
as parametric sums and integrals can generally not be expressed in terms of elemen-
tary functions. A well established approach in computer algebra is to represent them
as solutions of some systems of linear functional equations with coefficients that are
either polynomials or rational functions. Typically, these systems consist of differential
equations, recurrence relations or a combination of both. Over the past few decades, a
powerful technique known as creative telescoping has emerged for computing such repre-
sentations, particularly when the summand or integrand is either D-finite or holonomic.
More recently, a new family of creative telescoping algorithms based on reduction tech-
niques has been developed to address certain inefficiencies in the earlier methods. This
thesis focuses on extending this family by proposing more efficient and more general
algorithms.

1.1 D-finite and holonomic functions
The method of creative telescoping has been successfully applied to integrands belonging
to the large classes of D-finite functions and holonomic functions. These two classes are
very often mixed up, and their names are mistakenly used as synonyms, as they have a
large non-empty intersection. In this thesis I need to make a clear distinction between
them because first, they do not have the same expressivity and second, they correspond
to distinct algorithms with different representations of functions on a computer. This
section introduces the algebras of differential operators, and then defines and compares
these two classes of functions in the purely differential setting.

1.1.1 Operator algebra
Let K be a field of characteristic 0 and let Wn be the nth Weyl algebra

K[x1, . . . , xn]〈∂1, . . . , ∂n〉,

which is the algebra generated by the variables x1, . . . , xn, ∂1, . . . , ∂n and subject to the
commutation rules xixj = xjxi, ∂i∂j = ∂j∂i, xi∂j = ∂jxi and ∂ixi = xi∂i + 1 for any
distinct i, j. This algebra acts naturally on functions via xi · f = xif and ∂i · f = ∂f

∂xi
,

inducing a module structure on many classes such as

1



1 Introduction

• the class of meromorphic functions on an open set of Cn,

• the class of formal Laurent series in n variables,

• the class of distributions on an open set of Rn.

This action allows us to represent homogeneous linear differential equations with poly-
nomial coefficients as elements of Wn. Indeed, the differential equation∑

α1,...,αn

cα1,...,αn(x1, . . . , xn)
∂α1+···+αnf

∂α1x1 · · · ∂αnxn
= 0, (1.1)

where the sum is taken over a finite set of indices α1, . . . αn and where cα1,...,αn are
coefficients in K[x1, . . . , xn], is represented by the element∑

α1,...,αn

cα1,...,αn(x1, . . . , xn)∂
α1
1 · · · ∂

αn
n (1.2)

ofWn. Moreover, the set of all equations obtained from (1.1) by differentiating arbitrarily
many times and multiplying by polynomials of K[x1, . . . , xn] corresponds exactly to the
left ideal of Wn generated by the element in (1.2). I will speak of an operator to mean
an element of a ring acting on a class of functions, and henceforth view elements of Wn

as operators.
Note that the division by polynomials is not permitted in Wn. This limitation mo-

tivates the definition of the rational Weyl algebra Rn which extends Wn by allowing
rational function coefficients in x1, . . . , xn. Formally it is defined as the algebra

K(x1, . . . , xn)〈∂1, . . . , ∂n〉 (1.3)

subject to the relations ∂i∂j = ∂j∂i and

∂ir = r∂i +
∂r

∂xi
(1.4)

for any i, j ∈ {1, . . . , n} and any rational function r ∈ K(x1, . . . , xn). The algebra Rn

is used to represent linear homogeneous differential equations with rational function
coefficients. Besides, it similarly defines a natural action on:

• the class of meromorphic functions on an open set of Cn,

• the class of formal Laurent series in n variables.

However, it does not define an action on distributions, as illustrated by the following
example.
Example 1. The dirac distribution δ is defined for any smooth function with compact
support φ by the formula

〈δ, φ〉 = φ(0). (1.5)

2



1 Introduction

As a distribution, it satisfies the equation

x · δ = 〈δ, x〉 = 0. (1.6)

If Rn defined an action on the class of distributions, we would have for any a, b ∈ Rn

(ab) · δ = a · (b · δ), (1.7)

but taking a = 1/x and b = x gives a contradiction as δ is not the zero distribution.
The ability to represent objects that are annihilated by polynomials is the main ad-

vantage of homology. However, as we will see later, this expressiveness comes at a
computational cost.

1.1.2 D-finite functions
The notion of D-finite functions was introduced for univariate power series by Stan-
ley [125], its generalization to multivariate functions was first used by Zeilberger [143]
and was later formalized by Lipshitz [92]. A recent book by Kauers [82] provides an
up-to-date introduction to the subject.
Let F be a class of functions on which Rn acts and let f ∈ F .

Definition 2. The function f is said to be D-finite if the K(x1, . . . , xn)-vector space
Rn · f is finite-dimensional.

Definition 2 is equivalent to the existence, for each i, of a linear ordinary differential
equation in ∂i with coefficients in K(x1, . . . , xn) satisfied by f . The notion of D-finiteness
captures the idea that any derivatives of ∂ℓ11 · · · ∂ℓnn · f can be expressed in terms of a
finite number of them, which form a basis of Rn · f . From an algorithmic point of view,
it is convenient to represent a D-finite function f through its annihilator in Rn.

Definition 3. The annihilator of f in Rn is the left ideal

annRn(f) = {P ∈ Rn | P · f = 0}. (1.8)

This representation is particularly useful, since it allows us to work with operators
instead of functions. The relation between f and its annihilator is captured by the
following classical isomorphism.

Lemma 4. The module Rn · f is isomorphic to Rn/ annRn(f) as Rn-module. Conse-
quently, the function f is D-finite if and only if the quotient Rn/ annRn(f) is a finite-
dimensional K(x1, . . . , xn)-vector space.

Lemma 4 is illustrated on the following example.
Example 5. The function e−x(a+1) ln(x) is D-finite as it satisfies the following two equa-
tions:

∂f

∂a
+ xf = 0, (1.9)

x
∂2f

∂x2
+ (2ax+ 2x+ 1)

∂f

∂x
+ (a+ 1)(ax+ x+ 1)f = 0. (1.10)

3



1 Introduction

Using multiples of these two operators, all derivatives of f can be expressed as linear
combinations with rational function coefficients of f and ∂f

∂x . In other words, we have
the following isomorphism of vector spaces:

Rn/ annRn(f) ' K(x, a)f ⊕K(x, a)
∂f

∂x
. (1.11)

A D-finite holomorphic function f can be uniquely determined by its annihilator in
Rn together with finitely many initial conditions, provided that singularities do not in-
terfere (see, e.g., [82, pp. 363-364]). This makes the annihilator a valid and effective
data-structure for representing f . Computing a generating set for such an annihila-
tor is a classical problem [94, 115, 131, 45], with implementations available in several
computer algebra systems: in Maple via the Mgfun package [46], in Mathematica
via the HolonomicFunctions package [85], and in SageMath via the ore_algebra
package [83].

1.1.3 Holonomic functions
The theory of holonomic D-modules is a branch of algebraic analysis concerned with
studying systems of linear partial differential equations from an algebraic perspective. It
originated in the 1970s with the work of Bernstein [12, 13] and Kashiwara [81]. As a side
note, Kashiwara recently received the Abel prize notably for his foundational work on
D-module theory. In the 1990s, it was introduced to the computer algebra community by
Zeilberger [144], alongside the method of creative telescoping. An accessible introduction
to the theory is provided in Coutinho’s book [54], while the algorithmic aspects are
introduced in [114]. For a more advanced and comprehensive treatment, see Björk’s
book [16].
While D-finiteness is defined with respect to the rational Weyl algebra Rn, holonomy

is defined in terms of the (polynomial) Weyl algebra Wn. Let F be a set on which Wn

acts and let f ∈ F . By a slight abuse of terminology, I will refer to f as a function, since
in most cases it is one, although in some contexts it could be, for example, a distribution.
As before, the function f is represented by its annihilator, but now this annihilator is
taken in Wn.

Definition 6. The annihilator of f in Wn is the left ideal

annWn(f) = {P ∈Wn | P · f = 0}. (1.12)

To define the notion of holonomic function, I first need to define the notion of holo-
nomic modules. A finitely generated Wn-module is called holonomic if its dimension is
exactly n. However, defining properly the dimension of such a module requires quite a
lot of mathematical preliminaries, so I instead use an equivalent property for modules
of the form Wn/I, where I is a left ideal of Wn. This equivalent property is described
in Characterization 7. The implication “holonomic =⇒ characterization” was first
proved by Zeilberger [144]. Since then, the characterization has sometimes been taken
as the definition itself (see [82, Definition 4.67]). However, I have not found a published
proof of the converse implication. A proof will be given in Section 4.2.1.1.

4
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Characterization 7. Let I be a non-zero left ideal of Wn. The module Wn/I is holo-
nomic if and only if for any subset S ⊂ {x1, . . . , xn, ∂1, . . . , ∂n} of cardinality n+ 1, the
intersection K〈S〉∩ I is non-empty, where K〈S〉 denotes the subalgebra of Wn generated
by the elements of S.

This type of property is typically used to prove that the dimension of the module
Wn/I is at most n. However, a fundamental result due to Bernstein [13] asserts that the
dimension of any non-zero Wn-module is always at least n. Together, these results yield
the upper and lower bounds required for the characterization.

Definition 8. The function f is holonomic if the module Wn/ annWn(f) is holonomic.

Example 9. The rational function 1/(x2−y3) is holonomic as its annihilator is generated
by the three operators

∂x(x
2 − y3), ∂y(x

2 − y3),
3x∂x + 2y∂y + 6,

(1.13)

from which two additional operators can be obtained by Gröbner basis computation to
apply Characterization 7:

9y3∂2x − 4y2∂2y +−10y∂y,
27x3∂3x + 8x2∂3y + 135x2∂2x + 105x∂x.

(1.14)

A more algorithmic criterion for deducing holonomy directly from Eq. (1.13) will be
presented in Section 4.2.1.1.
More generally, it is well-known that every rational function is holonomic.

Computing annihilators in Wn

The computation of annihilators inWn is more complicated than in Rn. One approach is
to start from known annihilators of classical functions (e.g., rational functions, exp, log,
sin, cos, …) and apply closure algorithms for sums and products to deduce annihilators
of more general functions. These closure properties were first presented in [144], building
on Bernstein’s results [13]. A concise algorithmic summary is also given in [100, Section
3]. This approach mirrors the standard method for computing D-finite annihilators.
However, two main difficulties arise. First the computation of annihilators for rational
functions becomes challenging (see Section 4.1 for the state of the art), and second, the
closure properties become likewise considerably more computationally expensive.
Another approach exists when a function is both holonomic and D-finite. In this case,

the annihilator inWn can be derived from its counterpart in Rn. To illustrate how it can
be done, let us consider again the rational function 1/(x2 − y3). As a D-finite function,
its annihilator in R2 is generated by p1 = ∂x(x

2 − y3) and p2 = ∂y(x
2 − y3). From these

two operators, one can deduce a third:

3xp1 − 2yp2 = (x2 − y3)(3x∂x − 2y∂y + 6). (1.15)
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However, without dividing by x2− y3 one cannot deduce the last operator in Eq. (1.13),
which is required for generating the holonomic annihilator of 1/(x2−y3). More generally,
the holonomic ideal of a function f can be obtained by taking a generating set G with
polynomial coefficients of its D-finite annihilator and computing the Weyl closure of
WnG:

Cl(WnG) = RnG ∩Wn. (1.16)

An algorithm for computing the Weyl closure was proposed by Tsai [134]. It proceeds
by localizing the ideal WnG at a polynomial vanishing on the singular locus of f . In
practice, however, its performance does not permit handling cutting edge examples,
especially when the polynomial vanishing on the singular locus of f is large.

1.1.4 D-finiteness versus holonomy
The notions of D-finiteness and holonomy coincide for many classes of functions.

Theorem 10. Let F be a set on which both Rn and Wn act and let f ∈ F . The
function f is holonomic if and only if it is D-finite.

An elementary proof of this result was given by Takayama [131], who attributes the
result to Kashiwara. The key difference between these two notions lies in how functions
are represented on a computer. In the D-finite setting, a function is represented by a
zero-dimensional ideal, its annihilator in Rn. In contrast, in the holonomic setting, it
is represented by its annihilator in Wn which is an ideal of dimension n. In practice,
we observe that holonomic annihilators are much more complicated to compute. The
most striking examples are rational functions. In the D-finite setting, the annihilator
of a rational function R is generated by R∂i − ∂R

∂xi
for all i, which can be computed by

hand. Now, consider for example the rational function

1

1− (1− xy)z − txyz(1− x)(1− y)(1− z)
, (1.17)

which appears in Beukers’ work [14]. The computation of its holonomic annihilator with
Plural [90], currently the fastest software for this purpose, takes around 30 seconds.
I see two main arguments explaining why computing annihilators is more difficult in

the holonomic setting. The first is based on an analogy with the complexity of com-
puting Gröbner bases of polynomial ideals. In the polynomial case, it is well-known
that the worst-case complexity of computing a Gröbner basis is single-exponential in
the number of variables for zero-dimensional ideals [96], and double-exponential for
positive-dimensional ideals [95, 59]. Although to the best of my knowledge no analogous
complexity results are known for Weyl algebras, it is reasonable to expect a similar be-
havior. The second argument is that holonomic annihilators contain more information
than their D-finite counterpart. As discussed earlier, holonomic annihilators can be ex-
pressed as the Weyl closure of some ideal, and the Weyl closure is known to encode all
desingularizations of the operators in the input ideal. The desingularization of a univari-
ate differential equation is a classical problem known to be computationally costly. In
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the language of operators, given an operator P ∈ R1, it consists in finding a left multiple
Q of P which singularities are strictly included in those of P . This concept was extended
to D-finite systems by Chen, Kauers, Li and Zhang [41].
Despite this computational drawback, the theory of holonomy has proven particularly

fruitful for establishing existence results and proving termination of algorithms. Notably,
Kashiwara’s theorem guarantees that the integral of a holonomic module is holonomic
(see Section 3.2.4). One immediate consequence is the existence of a non-trivial creative
telescoping relation in the purely differential setting (see Eq. (1.25) in next section). An-
other argument in favor of holonomy is its expressivity: it makes it possible to represent
differentiable objects that are annihilated by polynomials. This is for example the case
of some distributions as mentioned earlier.

1.1.5 Extension to more general settings
The class of D-finite functions generalizes to functions whose variables are associated to
other operators than a derivation, such as a shift or more generally an Ore operator. This
broader class is known as ∂-finite functions [45], although the term D-finite is sometimes
also used to refer to these functions. Precise definitions of Ore algebras and ∂-finite
functions are given in Section 2.3.1.
The notion of holonomy was extended to sequences by Zeilberger by means of their

generating series [144]. More recently, Kauers generalized this definition to Ore al-
gebras [82, definition 4.67], using an adaptation of Characterization 7. This definition
guarantees that holonomic functions always admit creative telescoping relations for sum-
mation and integration. However, the equivalence between holonomy and D-finiteness,
as established in Theorem 10, does not extend to the general Ore setting. A classi-
cal counterexample is the bivariate sequence (1/(n2 + k2))n,k, which is D-finite but not
holonomic (see, e.g., [84, Example 2.23]).

1.2 Creative telescoping
1.2.1 The creative telescoping method
Creative telescoping is a powerful method for computing linear functional equations
satisfied by sums and integrals. The method consists in finding an equation of a specific
form satisfied by the summand (respectively, the integrand), so that it can be summed
(respectively, integrated) in a straightforward way.
Let K be a field of characteristic zero. For a sum

S(n) =

b∑
k=a

f(n, k),

the method consists in finding a function g and coefficients c0(n), . . . , cℓ(n) ∈ K(n) such
that

cℓ(n)f(n+ ℓ, k) + · · ·+ c0(n)f(n, k) = g(n, k + 1)− g(n, k). (1.18)
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Assuming everything is well-defined, this equation can be summed over k to obtain the
linear inhomogeneous recurrence

cℓ(n)S(n+ ℓ) + · · ·+ c0(n)S(n) = g(n, b+ 1)− g(n, a). (1.19)

Similarly, for an integral

I(t) =

∫ b

a
f(t, x)dx,

the goal is to find a function g and coefficients c0(x), . . . , cℓ(x) ∈ K(x) satisfying

cℓ(x)
∂ℓf(t, x)

∂tℓ
+ · · ·+ c0(x)f(t, x) =

∂g(t, x)

∂x
. (1.20)

Integrating the above equation with respect to x produces the linear inhomogeneous
differential equation

cℓ(x)
∂ℓI(t)

∂tℓ
+ · · ·+ c0(x)I(t) = g(t, b)− g(t, a). (1.21)

In many applications, the right-hand sides of (1.19) and (1.21) vanish, resulting in
homogeneous equations. This occurs, for instance, in a complex setting when integrat-
ing over a loop that does not intersect the singularities of the function g. In general,
evaluating these two right-hand sides algorithmically can be complicated due to the pres-
ence of singularities. As a consequence, most creative telescoping algorithms focus on
computing relations of the form (1.18) or (1.20). When the right-hand sides can be pre-
dicted to vanish, some algorithms, including the so-called reduction-based algorithms,
can compute exclusively their left-hand sides.
For the method to be fully algorithmic, the form of g must be prescribed. In the

discrete case, g is taken as a finite linear combination of shifts of f :

g =
∑
i,j

ai,j(n, k)f(n+ i, k + j), (1.22)

where each ai,j(n, k) is a rational function in K(n, k). In the continuous case, g is a finite
linear combination of derivatives of f :

g =
∑
i,j

ai,j(x, t)
∂i+jf(x, t)

∂xi, ∂tj
, (1.23)

where ai,j(x, t) belongs to K(x, t).
These choices allow the problem to be expressed in operator form. In the discrete

setting, the task is to find operators L ∈ K(n)〈Sn〉 and G ∈ K(n, k)〈Sn, Sk〉 such that

L · f = (Sk − 1)G · f. (1.24)

In the continuous setting, the goal is to determine L ∈ K(t)〈∂t〉 and G ∈ K(t, x)〈∂t, ∂x〉
satisfying

L · f = ∂xG · f. (1.25)
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In both cases, L is referred to as a telescoper, G as its associated certificate, and the
resulting equation as a creative telescoping relation.
More general formulations of creative telescoping exists, allowing the treatment of mul-

tiple sums and integrals, as well as sums and integrals depending on several parameters.
The first situation will appear in Chapter 3 for integrals, and the second in Chapter 2
for sums.
Apart from creative telescoping, other methods have been developed for handling

parametric sums and integrals. A notable line of research, initiated by Karr [78, 79]
and subsequently advanced by Schneider [116, 117, 118, 119, 120, 121, 122, 123, 124],
is based on the theory of difference fields and allows the use of non-linear expressions.
This method has been adapted to the differential setting by Raab [106, 107] based on the
work of Risch [110, 111]. A different approach to integration, proposed by Regensburger,
Rosenkranz, and collaborators [72, 109, 112, 113], enriches the underlying algebra with
integration and evaluation operators, thereby providing a framework for studying alge-
braically linear differential equations with delay. In the recent years, this line of work
has seen significant progress, with many effective results obtained by Cluzeau, Pinto,
Quadrat, and their coauthors [105, 52, 53].

1.2.2 A brief history of creative telescoping
The term creative telescoping was first introduced by van der Poorten [137] in 1979, as
he sought to rigorously justify a claim left unproven by Apéry in his celebrated proof of
the irrationality of ζ(3). The claim required to show that the binomial sum

S(n) =
n∑

k=0

(
n

k

)2(n+ k

k

)2

(1.26)

satisfies the now famous recurrence

n3u(n)− (34n3 − 51n2 + 27n− 5)u(n− 1) + (n− 1)3u(n− 2) = 0. (1.27)

Later on, this method was brought to the computer algebra community by Doron
Zeilberger in 1990 [144]. Since then, a lot of effort has been put into developing efficient
algorithms, some of which have become essential tools in symbolic computation. The
remainder of this section gives an overview of this history.

1.2.2.1 Algorithms based on elimination

In his foundational article [144], Zeilberger proposed an algorithm for computing univari-
ate integrals of bivariate holonomic functions and univariate sums of bivariate holonomic
sequences. The method was influenced by earlier work of Fasenmyer [62, 63], and by
its automation by Verbaeten [138, 139]. For integration (the method for summation
being analogous), it follows from Characterization 7 that there exist operators L and G
satisfying Eq. (1.25) and independent of the integration variable x. Zeilberger’s method
takes advantage of this property. His algorithm eliminates x from the annihilator of the
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integrand by using what he calls Sylvester’s dialytic elimination [127], yielding creative
telescoping relations. However, the requirements that G has no denominator and does
not involve x (resp. k) impose a strong restriction on its form. As a result, the algorithm
cannot handle complicated integrals, and Zeilberger himself referred [145] to it as “the
slow algorithm” [144] in contrast to a faster variant [145] he introduced later.
An alternative elimination method for parametric integration was first proposed by

Takayama [129, 128], and later improved by Oaku and Takayama [102]. This approach
is based on an infinite-dimensional generalization of Gröbner bases in the Weyl algebras.
Unlike Zeilberger’s algorithm, Takayama’s method allows x to appear in the certificate
but does not require its explicit computation. In 2013, Oaku [100] proposed an al-
gorithm for computing annihilators of distributions of the form f1A where 1A is the
indicator function of a semi-algebraic set A and f a holonomic function. He showed that
Takayama’s algorithm could be used with distributions, making it possible to deal with
integrals of holonomic function over semi-algebraic domains automatically. Such cases
are beyond the reach of the theory of D-finiteness.
A limitation shared by both methods is their reliance on the knowledge of a holo-

nomic annihilator of the integrand, which can be difficult to compute. Both approaches,
however, generalize naturally to multiple integrals.

1.2.2.2 Algorithms based on the resolution of linear functional equations

Due to the inefficiencies of his first algorithm, Zeilberger turned to designing methods
for more restricted classes of functions. He introduced a “fast algorithm” for sums of
bivariate hypergeometric sequences, which was soon extended to integrals of hyperex-
ponential functions by Almkvist and himself [3]. Wilf and Zeilberger [142] introduced a
subclass of functions called proper hypergeometric functions for which these algorithms
could be iterated to deal with multi-sums and integrals. Almkvist’s and Zeilberger’s
ideas were later extended by Chyzak [47] to handle the broader class of ∂-finite func-
tions, for both summation and integration. In the differential case (the summation case
being analogous), these algorithms proceed by making an Ansatz for the telescoper L of
the form (

cℓ(t)∂
ℓ
t + · · ·+ c0(t)

)
· f, (1.28)

where c0, . . . , cℓ are indeterminate rational function coefficients. By D-finiteness of f ,
the quotient Rn/ ann(f) is a finite-dimensional K(t, x)-vector space, and a basis V can
be chosen. These algorithms then make a second ansatz for the certificate G:

G =
∑
v∈V

gvv (1.29)

with indeterminate coefficients gv in K(t, x).
Substituting (1.28) and (1.29) into Eq. (1.25) and expressing the result in the basis V

produces a system of coupled differential equations in the coefficients ci, with an inho-
mogeneous part involving the gv. This system is then uncoupled, and rational solutions
are sought. If a nontrivial rational solution is found, it yields a creative telescoping
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relation; otherwise, the order ℓ of the initial ansatz is increased, and the procedure is
repeated.

1.2.2.3 Algorithms based on Ansatz and linear algebra

A third family of algorithm constructs, similarly to the previous method, an Ansatz for
both the telescoper and the certificate, and then attempts to find a solution by pure
linear algebra. A first algorithm was proposed for multi-sums of binomial functions by
Wegschaider [141] in his Master thesis.
This idea was taken up again years later by Koutschan, who sought to avoid the com-

putational cost of certain steps in Chyzak’s algorithm, particularly the uncoupling phase
and the repeated search for rational solutions, together with its lack of generalization for
multivariate integration and summation (that is without calling a univariate algorithm
multiple times). Unlike Wegschaider, Koutschan found that allowing denominators in
the Ansatz for the certificate actually led to a faster algorithm.
Koutschan’s algorithm relies on guessing the shape of a common denominator in the

certificate by examining the leading terms of a Gröbner basis with polynomial coefficients
of the D-finite annihilator of the summand or integrand. Following Kauers’ presenta-
tion [82, Algorithm 5.48], the algorithm can be stated in the differential setting (the
discrete case and generalizations to multi-sums/multi-integrals being analogous) as fol-
lows. Let s be an integer and let p be a polynomial such that for any i+j ≤ s, p∂ix∂

j
t can

be decomposed in V with polynomial coefficients. The algorithm introduces an Ansatz
for both the telescoper and the certificate of the form

s∑
i=0

ci(t)∂
i
t = ∂x

1/p

s+degx(p)∑
i=0

∑
v∈V

di,v(t)x
iv

 (1.30)

where ci(t) and dv,i(t) are unknown polynomials. It checks for the existence of a nonzero
solution of this form by expressing everything in the basis V and solving a linear system.
If no solution is found, s is increased and the process is repeated.
Koutschan also proposed several heuristic optimizations, based on experimentation, to

speed up the search. For instance, he proposed to test whether a nonzero solution exists
for a given Ansatz by evaluating t at a random value and working modulo a large prime.
If such a solution exists after specialization, then it should also exist in the general
case. Once an Ansatz is confirmed to yield a nonzero solution, the same technique
can be applied again to reduce the degrees of the numerators and of the factors of the
denominator before performing the final computation. Koutschan’s implementation of
his algorithm is currently among the most efficient and widely used software packages
for creative telescoping.

1.2.2.4 Reduction-based approaches

Recently, a new family of algorithms based on reductions was introduced to overcome
two drawbacks of previous methods. First, they require computing the certificate G, even
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though it is not needed in some situations. As observed in [23], the certificate can be
much larger than the telescoper, making its computation a serious bottleneck. Second,
methods based on Ansätze or on solving linear functional equations lack incrementality.
Indeed, they attempt to find a telescoper of a fixed order, and if unsuccessful, must
restart the search from scratch with a higher order.
In the differential setting, given a function f(x, t), reduction-based algorithms proceed

by computing iteratively decompositions of the form

∂it · f = hi + ∂x · gi (1.31)

where gi and hi belong to R2 ·f and hi satisfies some minimality condition. A telescoper
is then obtained by finding a K(t)-linear relation among the hi’s.

The decomposition in Eq. (1.31) is computed by means of a reduction map, which is
an effective K(t)-linear map [.] : M → M , where M = R2 · f , satisfying the following
properties:

1. h− [h] ∈ ∂xM (reduction)

2. [h] = 0 iff h ∈ ∂xM (normal form)

The reduction [.] provides a way to defines normal forms in the K(t)-vector spaceM/∂M
and, most importantly, enable their computation. The second property of [.] is sometimes
relaxed to the weaker condition that [∂xM ] is a finite-dimensional K(t)-vector space, as
it is sufficient for finding a (not-necessarily minimal) telescoper. With the reduction [.],
the decomposition in Eq. (1.31) follows by taking hi = [∂it · f ] and choosing gi such that
∂x · gi = ∂it · f − [∂it · f ]. Note that if only the telescoper is required, the functions gi need
not be computed.
The reduction-based approach was first introduced by Bostan, Chen, Chyzak and

Li [18] for the integration of bivariate rational functions. Their algorithm relied on the
well-known Hermite reduction [74]. This idea was later extended to the integration
of multivariate rational functions [23, 86], by using the Griffiths-Dwork reduction [71,
60, 61] instead of Hermite reduction. The Hermite reduction was independently ex-
tended in many directions to permit the univariate integration of hyperexponential
functions [19], hypergeometric-hyperexponential functions [22], algebraic functions [40],
Fuchsian functions [43], D-finite functions [136, 36] and ∂-finite functions [20]. In par-
allel, this approach has been adapted to summation problems. It has been applied to
the univariate summation of hypergeometric functions [39] via a modification of the
Abramov-Petkovšek reduction [1], of P-recursive sequences [37] (i.e. ∂-finite involving
only shifts) and of general ∂-finite functions[135].

1.3 Contributions and content
The present thesis contains three main contributions, each described in a dedicated
chapter. Chapters 2 and 3 are based on research articles, while Chapter 4 is unpublished.
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An algorithm for the univariate summation of D-finite functions
Chapter 2 presents a joint work with Bruno Salvy, started as part of my Master thesis
and subsequently published as a research article [29]. It introduces a new reduction-
based creative telescoping algorithm for the univariate summation of D-finite functions.
The approach adapts the integration algorithm by Bostan, Chyzak, Lairez, Salvy [20]
to the summation setting and refines van der Hoeven’s algorithm for summing ∂-finite
functions.
The reduction underlying the algorithm can be summarized in the bivariate case with

two shifts as follows. Suppose the summand f(n, k) is a cyclic vector for the shift
operator Sk, meaning that every term Sj

n · f rewrites as Mj · f , where Mj is a linear
operator involving only Sk. For any rational function u and linear operator M in Sk,
repeated summation by parts yields Lagrange’s identity:

(M · f)u− (M∗ · u)f = (Sk − 1) · PM (f, u), (1.32)

whereM∗ denotes the adjoint ofM and PM is linear in backward shifts of u and forward
shifts of f . Specializing this identity to u = 1 and M =Mj leads to the decomposition:

Sj
n · f = (M∗ · 1)f + (Sk − 1) · PMj (f, 1). (1.33)

The final step of the reduction consists in reducing the rational function M∗ · 1 modulo
the image of Sk−1, thereby obtaining a decomposition analogous to Eq. (1.31). Let L be
the minimal operator in K(n, k)〈Sk〉 annihilating f . One can show that for any rational
function R ∈ K(n, k), the term Rf belongs to (Sn − 1)K(n, k)〈Sn, Sk〉 · f if and only if
R is in L∗(K(n, k)). Therefore, the problem reduces to finding a minimal representative
Rj such that

M∗(1) = Rj mod L∗(K(n, k)). (1.34)

Our main contribution is the description of a reduction procedure to solve this problem.
The procedure proceeds in two successive steps: first a pole reduction, then a polynomial
reduction.
Our approach differs from van der Hoeven’s in this final reduction step. His reduc-

tion modulo L∗(K(n, k)) is constrained enough to ensure the termination of the creative
telescoping algorithm, but may fail to produce the minimal telescoper. In his pole re-
duction, he focuses on reducing the order of the poles first before reducing the dispersion
of the rational function, that is the largest integer distance between two poles. By con-
trast, our reduction first minimizes the dispersion and then reduces the pole order. This
change ensures that we obtain the minimal telescoper in all cases. Noting that many
applications require information on the poles of the certificates and their evaluation at
specific values of k, we propose a compact representation of the certificate in the form of
a directed acyclic graph. This structure enables its efficient evaluation and the compu-
tation of a multiple of its denominator. We provide an implementation of our algorithm
in the CreativeTelescoping package [30]. The algorithm performs well in general, and
seems to outperform previous methods when the telescoper has high order.
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An algorithm for the multivariate integration of holonomic functions
Chapter 3 is based on [28] and results from joint a work with Frédéric Chyzak and Pierre
Lairez. It presents a reduction-based creative telescoping algorithm for the multivari-
ate integration of holonomic functions, the first of its kind in the holonomic setting.
Our method prioritizes computational speed over minimality of the resulting telescoper,
thereby avoiding the costly computation of the b-function (to be defined in Chapter 4).
It also shares similarities with the Griffiths-Dwork method for integration multivariate
rational functions [23, 86].
Let f(t, x1, . . . , xn) be a holonomic function. Our algorithm computes the left hand-

side of a relation of the form

aℓ(t)
∂ℓf

∂tℓ
+ · · ·+ a1(t)

∂f

∂t
+ a0(t)f =

∂g1
∂x1

+ · · ·+ ∂gn
∂xn

, (1.35)

where a0(t), . . . aℓ(t) are rational function coefficients and g1, . . . , gn are functions in the
module

M = K(t)[x1, . . . , xn]〈∂t, ∂1, . . . , ∂n〉 · f. (1.36)

We prove that the module M is finitely generated and even holonomic as a Wx(t)-
module, where Wx(t) denotes the nth Weyl algebra in x1, . . . , xn over K(t). This result
makes it possible to represent the function f by the Wx(t)-module M and a derivation
map ∂t :M 7→M which corresponds to differentiation with respect to t and satisfies the
Leibniz rule

∂t · (am) = ∂a
∂tm+ a(∂t ·m) (1.37)

for any a ∈ K(t) and m ∈M .
Since the right-hand side of Eq. (1.35) corresponds to an element of the right module

∂M = ∂1M+ · · ·+∂nM , the problem reduces to finding a K(t)-linear relation among the
∂it(f)’s in the quotient M/∂M . By holonomy of M , this quotient is a finite-dimensional
vector space over K(t), ensuring that such a relation exists for sufficiently large ℓ. We
introduce a family of increasingly stronger reductions for computing normal forms in
M/∂M , with the property that, for every holonomic function f , there exists a reduction
that yields the minimal telescoper. In practice, our algorithm finds a reduction that
guarantees the termination but not necessarily the minimality. However, the user may
choose in the input to employ stronger reductions in the hope of obtaining a telescoper
of smaller order, at the expense of increased computation time.
The algorithm is implemented in my Julia package MultivariateCreativeTelescop-

ing.jl [27]. As a proof of concept, we successfully applied our algorithm to a challenging
problem in combinatorics: computing a recurrence for the number of 8-regular graphs,
a case that had previously remained out of reach.

Weyl closure
Creative telescoping algorithms for integrating holonomic functions rely on prior knowl-
edge of a holonomic annihilator of the integrand. This applies in particular to the
algorithm presented in Chapter 3. As explained in Section 1.1.3, such an annihilator can
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be obtained from a D-finite annihilator by computing the Weyl closure (Eq. (1.16)) of a
certain ideal. In Chapter 4, I propose an algorithm for computing a holonomic approxi-
mation of the Weyl closure that is asymptotically maximal. Given an ideal I of Wn such
that Wn/Cl(I) is holonomic, a holonomic approximation of Cl(I) is an ideal J ⊂ Cl(I)
such that Wn/J is holonomic. The algorithm is called asymptotically maximal as it
constructs iteratively a sequence of ideals

J1 ⊂ J2 ⊂ · · · ⊂ Cl(I) (1.38)

with the property that there exists ℓ ∈ N such that Jℓ = Cl(I), continuing until a
prescribed termination criterion is met. Possible termination criteria include: stopping
at the first ideal Ji for which Wn/Ji is holonomic, stopping at the first Ji such that
Ji = Ji+1 and Wn/Ji is holonomic, or stopping at the first Ji+r such that Wn/Ji is
holonomic for some prescribed r ∈ N. At present, however, I do not know any method
to guarantee that the output coincides with Cl(I) without explicitly computing a b-
function.
While Tsai’s algorithm computes Cl(I) by localizing a suitable module at a polynomial

p that vanishes on the singular locus of I, this new algorithm proceeds by computing
successive saturations with respect to the same polynomial p. The saturation step is done
by a non-commutative generalization of Rabinowitsch’s trick. More precisely, the algebra
Wn is extended with a new non-commutative variable T thought of as 1/p. This forms
an infinite dimensional Wn-module Wn[T ], in which one can compute Gröbner bases of
finitely generated modules. In particular, this makes it possible to find operators of the
form Tpg ∈Wn[T ]I for which we deduce new operators g in Cl(I).
This work comes with a preliminary implementation in the package [27], along with

preliminary benchmarks. Although further optimization is required, the first results are
promising.
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2 An algorithm for the univariate
summation of D-finite functions

This chapter is based on joint work with the advisor of my Master thesis, Bruno Salvy,
which resulted in the publication of an article [29]. Its content closely follows that of the
published version, with a shortened introduction to avoid redundancies. Throughout the
chapter, I use the pronoun “we” to reflect the collaborative nature of the work.

2.1 Introduction
We present a creative telescoping algorithm for computing telescopers of definite sums
of D-finite functions. Our approach is an adaptation of a previous algorithm designed
for integration of D-finite function [20], and its extension to summation and q-difference
equations [135]. Our contribution departs from [135] in several ways. We concentrate
solely on the case of summation and give a simple self-contained presentation of the
corresponding algorithm; our algorithm returns telescopers of minimal order1; we make
the choice to avoid algebraic extensions when possible; we present a Maple implemen-
tation that performs well in practice. Note that while in terms of complexity, minimal
operators cannot be computed in polynomial time in general, in practice this does not
seem to be an obstacle.
In order to compute a definite sum of F (n, x1, . . . , xm) with respect to n, where each

xi is a variable with respect to which one can apply an Ore operator ∂i (for this work
either, differentiation or shift), creative telescoping algorithms construct identities of the
form ∑

α

cα(x1, . . . , xm)∂α(F ) = G(n+ 1, x1, . . . , xm)−G(n, x1, . . . , xm). (2.1)

Here, the sum is over a finite number of multi-indices α and we use the multi-exponent
notation ∂α = ∂α1

1 · · · ∂αm
m . The equation Eq. (2.1) can be summed to yield an inhomo-

geneous linear functional equation satisfied by the sum of F .
Recent reduction-based algorithms use a variant of Hermite reduction to compute an

additive decomposition of each monomial in the form

∂α(F ) = Rα(n, x1, . . . , xm)F +∆n(Gα), (2.2)

where Rα is a rational function with a certain minimality property and where ∆n is
forward difference operator defined by ∆n(h(n)) = h(n + 1) − h(n). A telescoper is

1Remark 5.6 in [135] seems to allude to a way of doing this, but the relevant space E may contain
rational functions that are not in the image of L. For example take L = 1/z + 1/(z − 1)σ−1, α = 0,
and A = {α}, then one can check that 1/z /∈ Im(L) but 1/z ∈ E.
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2 An algorithm for the univariate summation of D-finite functions

found by looking for a linear dependency between these rational functions for a family
of monomials ∂α. The computation of the rational function Rα by Hermite reduction
works by getting rid of multiple poles and isolating a polynomial part.
The chapter is structured as follows. Section 2.2 presents a detailed example illustrat-

ing the main ideas of the algorithm. Section 2.3 provides the necessary mathematical
background and describes the prototypical creative telescoping algorithm based on re-
ductions. It uses a reduction procedure, called canonical form, that reduces a rational
function modulo the image of a difference operator. The construction of this canonical
map is one of our main contribution and is presented in Section 2.4. Section 2.5 explains
how to compute the certificate associated with the minimal telescoper in a compact
form using a directed acyclic graph. This representation enables efficient evaluation of
the certificate and the computation of a finite set containing its integer poles, two key
ingredients for summing a creative telescoping equation. Lastly, Section 2.6 compares
our algorithm with existing implementations on a variety of examples.

2.2 Example
The multiplication theorem for Bessel functions of the first kind Jν states that [97,
p. 10.23.1]

Jν(λz) = λν
∞∑
n=0

(−1)n(λ2 − 1)n(z/2)n

n!
Jν+n(z). (2.3)

This can be proved automatically by showing that the left-hand side and the right-hand
side satisfy the same set of mixed differential-difference equations with sufficiently many
identical initial conditions.
We write F for the summand in Eq. (2.3). It is a function of the four variables ν, n, z, λ.

Basic properties of the Bessel function give the following four equations:
(λ2 − 1)zSν(F ) + 2(n+ 1)Sn(F ) = 0, (2.4)

(λ2 − 1)∂λ(F )− 2nλF = 0, (2.5)
(1− λ2)z∂z(F ) + 2(n+ 1)Sn(F ) + (λ2 − 1)(2n+ ν)F = 0, (2.6)

4(n+ 1)(n+ 2)S2
n(F ) + 4(λ2 − 1)(n+ 1)(n+ ν + 1)Sn(F ) + z2(λ2 − 1)2F = 0, (2.7)

where Sν denotes the shift with respect to ν: Sν : G(ν) 7→ G(ν+1) and similarly for Sn,
while ∂z and ∂λ denote partial derivatives. These equations show that any shift or
derivative Sa

ν∂
b
λ∂

c
zS

d
nF of F with nonnegative integers a, b, c, d rewrites as a Q(ν, λ, z, n)-

linear combination of F and Sn(F ). In particular, this implies that F is D-finite with
respect to these variables. The aim of creative telescoping is to find a similar set of
equations, in the variables ν, λ, z only, for the sum in Eq. (2.3).
Let ∆n be the difference operator ∆n = Sn − 1. Any product ϕ(n)SnF with ϕ ∈

Q(ν, λ, z, n) can be rewritten ϕ(n− 1)F +∆n(ϕ(n− 1)F ), i.e., as the sum of a rational
function times F plus a difference, that would telescope under summation. Consequently,
any Sa

ν∂
b
λ∂

c
zS

d
nF with nonnegative integers a, b, c, d rewrites in the form

∂α(F ) = RαF +∆n(Gα), (2.8)
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2 An algorithm for the univariate summation of D-finite functions

with Rα a rational function inQ(ν, λ, z, n). This reduction as a sum of a rational function
plus a difference is a general phenomenon (see Section 2.3.2). Reduction-based creative
telescoping works by reducing this rational function further by pulling out parts that
can be incorporated into the difference ∆n(Gα). Denote by L the recurrence operator
such that Eq. (2.7) is LF = 0. The adjoint of L (see Proposition 13) is

L∗ = 4(n− 1)nS−2n + 4(λ2 − 1)n(n+ ν)S−1n + z2(λ2 − 1)2

where S−1n : g(n) 7→ g(n − 1). Proposition 14 shows that a rational function R is of
the form ∆n(M(F )) for a recurrence operator M(Sn) if and only if R is in the image
L∗(Q(ν, λ, z, n)). This is the basis for the computation of relations of the form (2.8)
where Rα is now a reduced rational function (in a sense made precise in Definition 16).
The next step is to look for linear combinations of these rational functions that yield
telescopers.
The starting point is the monomial 1, which decomposes as

1 · F = 1 · F +∆n(0). (2.9)

Using Eq. (2.5), the monomial ∂λ rewrites

∂λ(F ) =
2nλ

λ2 − 1
F +∆n(0) (2.10)

and the rational function is reduced. Taking the derivative of this equation and using
Eq. (2.5) again gives a similar equation for ∂2λ(F ):

∂2λ(F ) = −
2n(λ2 + 1)

(λ2 − 1)2
F +

2nλ

λ2 − 1
∂λ(F ) + ∆n(0),

= −2n(λ2 + 1)

(λ2 − 1)2
F +

(2nλ)2

(λ2 − 1)2
F +∆n(0).

This time, a reduction is possible. Indeed, Proposition 14 implies that L∗(1)F is a
difference ∆n(An) (where An can be computed explicitly). Since

L∗(1) = 4λ2n2 + 4((λ2 − 1)ν − 1)n+ z2(λ2 − 1)2,

we can eliminate the term in n2 in the expression of ∂2λ(F ) to get

∂2λ(F ) = −
2n(2ν + 1)

(λ2 − 1)
F − z2F +∆n

(
An

(λ2 − 1)2

)
. (2.11)

A simple linear combination of Eqs. (2.9) to (2.11) then eliminates the term in n, showing
that F satisfies the equation

λ∂2λF + (2ν + 1)∂λF + λz2F = ∆n

(
−λAn

(λ2 − 1)2

)
.
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2 An algorithm for the univariate summation of D-finite functions

The left-hand side is a telescoper. The right-hand side is a certificate. It can be written
more explicitly as

−λAn

(λ2 − 1)2
= −4(nλ2 + λ2ν − ν − 1)nλ

(λ2 − 1)2
F − 4λ(n+ 1)n

(λ2 − 1)2
Sn(F ).

In general, summation and telescoping of the certificate requires verification. Here, we
first observe that the certificate does not have integer poles and thus is well-defined at
all points over which it is summed. Next, the certificate evaluates to zero at n = 0.
Finally, it tends to zero when n tends to infinity, as Jν+n(z) decreases fast as n → ∞
[97, p. 10.19.1].
In summary, we have obtained that the sum S in the right-hand side of Eq. (2.3)

satisfies
λ∂2λ(S) + (2ν + 1)∂λ(S) + λz2S = 0.

Proceeding similarly with Eqs. (2.4) and (2.6), one gets the equations

zλSν(S) + ∂λ(S) = 0, z∂z(S)− λ∂λ(S)− νS = 0.

Substituting T = Jν(λz)/λ
ν in these equations and using basic equations for Jν shows

that it is a solution of this system too. The proof of the multiplication theorem is
concluded by checking the equality of the initial conditions for T and for the sum on
the right-hand side of Eq. (2.3). As ν is associated to the shift, we need to check initial
conditions for any ν satisfying 0 ≤ Re(ν) < 1. Indeed, both terms of the identity equal
Jν(1) at z = 1, λ = 1, and ν ∈ [0, 1) and both their derivatives with respect to λ equal
−Jν+1(1), which proves the identity.

2.3 Background
In this section, we recall the basic framework for creative telescoping using reduction.
Most of this section is identical to the differential case [20, Sec. 4], except for the existence
and computation of the cyclic vector and the use of the recurrence variant of Lagrange’s
identity [9]. More gentle introductions to Ore algebras, creative telescoping and their
applications can be found in the references [48, 45].

2.3.1 Telescoping ideal
Ore algebras

Let k be a field of characteristic 0, x0, . . . , xm be variables used to form the fields of ra-
tional functions K = k(x1, . . . , xm) and K̂ = K(x0). The Ore algebra A = K̂〈∂0, . . . , ∂m〉
is a polynomial ring over K̂, with ∂i∂j = ∂j∂i, and a commutation between the ∂is and
the elements of K̂ ruled by relations

∂iR = σi(R)∂i + δi(R), R ∈ K̂, (2.12)
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2 An algorithm for the univariate summation of D-finite functions

with σi a ring homomorphism of K̂ and δi a σi-derivation, which means that δi(ab) =
σi(a)δi(b) + δi(a)b for all a, b in K̂ [31, 45]. The typical cases are when ∂i is the differen-
tiation d/dxi (then σi is the identity and δi = d/dxi) and the shift operator xi 7→ xi +1
(then σi(a) = a|xi←xi+1 and δi = 0).

Annihilating and D-finite ideals

For a given function f in a left A-module, the annihilating ideal of f is the left ideal
ann f ⊆ A of elements of A that annihilate f . A left ideal I of A is D-finite when the
quotient A/I is a finite-dimensional K̂-vector space. A function is called D-finite when
its annihilating ideal is D-finite.

Telescoping ideal

As we focus here on summation, from now on, when we use n and Sn, they stand for x0
and the corresponding shift operator ∂0 : x0 7→ x0 + 1.

The telescoping ideal TI of the left ideal I ⊂ A with respect to n is

TI = (I +∆n(A)) ∩K〈∂1, . . . , ∂m〉, where ∆n = Sn − 1.

In other words, if I = annF , the telescoping ideal TI is the set of operators T ∈
K〈∂1, . . . , ∂m〉 such that there exists G ∈ A such that T + ∆nG ∈ I, or equivalently,
such that Eq. (2.1) holds (with t = n).

2.3.2 Cyclic vector and Lagrange identity
Cyclic vector

Let I be a D-finite ideal of A and let r be the dimension of the K̂-vector space B := A/I.
An element γ ∈ B is called cyclic with respect to ∂0 if {γ, . . . , ∂r−10 γ} is a basis of B.
In the differential case (∂0 = d/dx0), such a vector always exists and can be computed
efficiently when I is D-finite [44]. In the shift case (∂0 : x0 7→ x0 + 1), even for a D-
finite ideal I, it is not the case that there always exists a cyclic vector: in general, B
decomposes as the sum of a vector space where ∂0 is nilpotent and a part where it is
cyclic [76]. However, we have the following.
Proposition 11. [73, Thm. B2] With the notation above, in the case when ∂0 is the shift
operator x0 7→ x0 + 1, let E = (e1, . . . , er)

T be a basis of the vector space B = A/I and
A0 ∈ K̂r×r be defined by ∂0E = A0E. If A0 is invertible, then there exists a cyclic vector
with respect to ∂0 of the form v = a1e1+ · · ·+arer with polynomial coefficients ai ∈ Z[x0]
of degree at most r − 1, and coefficients all in {0, . . . , r}.
Sufficient conditions for the matrix A0 to be invertible are that I = ann f with f in

a K̂[∂0, ∂
−1
0 ]-module [73] or that I be a reflexive ideal [135]. In practice, this condition

on A0 can be checked from the input and appears to be always satisfied in the examples
we have tried. From this proposition, the computation of a cyclic vector follows the same
lines as that of the differential case [44]. Most often, e1 = 1 is a cyclic vector, which
simplifies the rest of the computation.
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2 An algorithm for the univariate summation of D-finite functions

Example 12. In the example of Section 2.2, the operator 1 is cyclic with respect to Sn:
by Eqs. (2.4) to (2.7) a basis of B is {1, Sn}.

Lagrange’s identity

For our purpose, the shift version of Lagrange’s identity can be viewed as giving an
explicit form of the result of the left Euclidean division by the difference operator ∆n,
when applied to a left multiplication by a rational function.

Proposition 13. [9] Let u ∈ K̂ and let L =
∑r

i=0 aiS
i
n be an operator of order r with ai

in K̂. The adjoint operator L∗ of L is defined as L∗ =
∑r

i=0 ai(n− i)S−in and it satisfies

uL− L∗(u) = ∆nPL(u) (2.13)

where

PL(u(n)) =
r−1∑
i=0

 r∑
j=i+1

aj(n+ i− j)u(n+ i− j)

Si
n. (2.14)

Note that the term L∗(u) denotes the evaluation of the operator L∗ at the rational
function u, rather than the product of L∗ by u.
Let γ be a cyclic vector. Then any element of B is of the form Aγ with A ∈ K̂〈Sn〉.

Applying Lagrange’s identity with u = 1, L = A and multiplying on the right by γ shows
that this is a rational multiple of γ up to a difference:

Aγ = A∗(1)γ +∆nPA(1)γ. (2.15)

As in the differential case, all computations in B then reduce to K̂-linear operations on
single rational functions, rather than vectors of them, by the following analogue of [20,
Prop. 4.2].

Proposition 14. With the notation above, let γ be a cyclic vector of B = A/I and for
all i = 0, . . . ,m, let Bi ∈ K̂〈Sn〉 be such that ∂iγ = Biγ. Then for all R ∈ K̂,

∂iRγ = φi(R)γ +∆nQi(R)γ, (2.16)

with
{
φi(R) = B∗i (R(xi + 1)), Qi(R) = PBi(R(xi + 1)) if ∂i : xi 7→ xi + 1;
φi(R) = B∗i (R) +

d
dxi

(R), Qi(R) = PBi(R(xi)) if ∂i = d/dxi.

Proof. Multiplying Eq. (2.12) by γ on the right and using the definition of Bi gives

∂iRγ = σi(R)Biγ + δi(R)γ.

The conclusion follows from Lagrange’s identity (2.13) applied with L = Bi and u =
σi(R).
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2 An algorithm for the univariate summation of D-finite functions

2.3.3 Canonical form
Proposition 14 shows how, given a cyclic vector γ, all elements of B can be reduced to
the product of γ by a rational function, up to a difference in ∆nB. The starting point of
the reduction-based creative telescoping is that one can actually identify those multiples
that belong to ∆nB.

Proposition 15. With the same hypotheses as in Proposition 14, let L be a minimal-
order operator in K̂〈Sn〉 annihilating γ, ie, the product Lγ is 0 in A/I, L has order r and
no operator of smaller order has that property. Then for all R ∈ K̂, Rγ ∈ ∆n(B) ⇐⇒
R ∈ L∗(K̂).

Proof. First, if R = L∗(R′) with R′ ∈ K̂, Lagrange’s identity (2.13) with u = R′ and
Lγ = 0 implies that Rγ = L∗(R′)γ = ∆nGγ for G = −PL(R

′). Conversely, if Rγ ∈
∆n(B), there exists M ∈ K̂〈Sn〉 such that Rγ = ∆nMγ. The operator ∆nM − R
annihilates γ. By minimality of L, there exists N ∈ K̂〈Sn〉 such that ∆nM − R =
NL. Taking the adjoint and evaluating at 1 gives R = M∗∆∗n − L∗N∗ and finally
R = −L∗(N∗(1)).

This proposition motivates the following.

Definition 16. [20] A canonical form associated to L∗ is a K-linear map [·] : K(n) →
K(n) such that for all R ∈ K(n), [L∗(R)] = 0 and R − [R] ∈ L∗(K(n)). A rational
function R ∈ K(n) is called reduced when [R] = R.

The computation of canonical forms is the object of Section 2.4.

2.3.4 Creative telescoping algorithm via canonical forms
With the notation above, the creative telescoping algorithm from [20] applies verbatim.

It is given in Algorithm 1. Its principle is to iterate on every monomial of the form
∂α1
1 . . . ∂αm

m by increasing order for some monomial order, e.g., the grevlex order, and to
compute the reduced rational functions Rα such that

∂α = Rαγ +∆nGα mod I. (2.17)

The rational function Rα is obtained by{
R0,...,0 = [A∗1(1)],

Rα = [φi(Rβ)] if ∂α = ∂i∂
β,

(2.18)

where A∗1 is the adjoint of the operator A1 verifying 1 = A1(γ). When a monomial α is
dealt with, two situations are possible. The corresponding Rα can be a linear combina-
tion of the previous Rβ. In that case, that linear combination makes the corresponding
linear combination of ∂α and the ∂β a newly discovered element of the telescoping ideal
TI and then it is not necessary to visit the multiples of this monomial. Otherwise, ∂α is
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Algorithm 1 Creative telescoping algorithm
Input Generators of a D-finite ideal I
Output A basis of the telescoping ideal TI of I
γ ← a cyclic vector of B := A/I with respect to Sn {See Section 2.3.2}
L← a minimal order operator in Sn annihilating γ {See Section 2.3.3}
φ1, . . . , φn the maps described in Proposition 14
Initialize CanonicalForm {See Section 2.4}
R0 ← CanonicalForm(A∗1(1), L∗) {See Section 2.3.4}
L ← [1] {List of monomials in ∂1, . . . , ∂m to visit}
G ← {} {Gröbner basis}
Q ← {} {Basis of the quotient}
R← {} {Set of reducible monomials}
while L 6= ∅ do

Remove the first element ∂α of L
if ∂α is not a multiple of an element of R then

if ∂α 6= 1 then
Take i such that ∂α/∂i ∈ Q; Rα ← CanonicalForm(φj(R∂α/∂i), L

∗)
if there exists a K-linear relation between Rα and {Rβ | Rβ ∈ Q} then

(λβ)Rβ∈Q ← coefficients of the relation Rα =
∑

Rβ∈Q λβRβ

Add ∂α −
∑

Rβ∈Q λβ∂
β to G; Add ∂α to R

else
Add ∂α to Q
for j = 1 to m do Append the monomial ∂j∂α to L

return G

free from the previous ones and thus a new generator of B has been found. The algorithm
terminates when there are no more monomials to visit.
The only difference with the differential case lies in the definition of the canonical

form [·] associated to the adjoint L∗ of the minimal-order operator L ∈ K(n)〈Sn〉 anni-
hilating γ. By Propositions 14 and 15 and the definition of a canonical form, Eq. (2.17)
is satisfied and the following equivalence holds

λα1Rα1 + · · ·+ λαsRαs = 0 iff λα1∂
α1 + · · ·+ λαs∂

αs ∈ TI . (2.19)

for any s ∈ N and λα1 , . . . , λαs ∈ K. The following result follows, with the same proof
as in [20].

Theorem 17. Given as input the generators of a D-finite ideal I and a cyclic vector γ
for Sn, Algorithm 1 terminates if and only if TI is D-finite. Then, it outputs a Gröbner
basis of TI for the grevlex order.

As in the differential situation [20], one can modify the algorithm to compute all
elements of TI up to a given bound on their degree, or to return as soon as one telescoper
is found, thus allowing to recover a generating family of a sub-ideal of TF .
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A non-zero telescoper is not guaranteed to exist in general. An existence criterion was
obtained for P-recursive sequences by Du [58], and in general a telescoper is known to
exist if the summand is holonomic [82, section 5.2]

2.4 Generalized Abramov-Petkovšek decomposition
The main contribution of this article is an algorithm for the computation of canonical
forms as in Definition 16 for the operator

L∗ =
r∑

i=0

pi(n)S
−i
n

with polynomial coefficients pi ∈ K[n]. The modified Abramov-Petkovšek decomposi-
tion [39] is a special case of this reduction when L has order 1 and once the shell [39]
has been removed [20, Sec. 3.5.3].

The starting point is a decomposition of any rational function R ∈ K(n) in the form

R(n) = P∞(n) +
∑
i,h

ci,h(n)

Qi(n+ h)ℓi,h
, (2.20)

with ℓi,h ∈ N∗, polynomials P∞ in K[n] and Qi, ci,h in K[n] \ {0} such that deg ci,h <
ℓi,h degQi and gcd(Qi(n+ k), Qj(n)) = 1 for all k ∈ Z when i 6= j. This is discussed in
Section 2.4.1.
The vector spaces

KQi(n)
def
= VectK

(
nℓ

Qi(n+ h)j
| h ∈ Z, j ∈ N∗, ℓ < j deg(Qi)

)
are in direct sum for distinct Qi and are left invariant by L∗ modulo K[n]. This allows the
reduction algorithm to operate in each of the KQi(n) independently. This is described
in Sections 2.4.2 and 2.4.3, before the reduction of the remaining polynomial part in
Sections 2.4.4 and 2.4.5.

Notation 18. For two integers a, b with a ≤ b, we write Ja; bK for the set {a, a+1, . . . , b}.

2.4.1 Decomposition of rational functions
Recall that a polynomial Q is square-free when it does not have multiple nontrivial
factors. It is shift-free when gcd(Q(n), Q(n+ k)) = 1 for all k ∈ Z∗.

A shiftless decomposition of a polynomial Q is a factorization of the form

Q =

v∏
i=1

ni∏
j=1

Qi(n+ hi,j)
ei,j ,

with ei,j ∈ N∗, hi,j ∈ Z, andQi ∈ K[n] are such that eachQi is square-free and gcd(Qi(n+
k), Qj(n)) = 1 for all i, j and all k ∈ Z unless i = j and k = 0. Such a factorization can
be computed using only gcds, resultants and integer root finding [68].
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Algorithm 2 Weak reduction of poles [·]Q
Input R,Q
Output a reduced form of R

while there exists jm < 0 (minimal) in J from Eq. (2.21) do

R← R− L∗
(

A(n)

Q(n−jm)sjm+ordjm (p0)

)
with A and sjm as in Eq. (2.22)

while there exists jM ≥ r (maximal) in J from Eq. (2.21) do

R← R− L∗
(

A′(n+r)

Q(n−jM+r)
sjM

+ordjM
(pr)

)
with A′ and sjM as in Eq. (2.23)

return R

Note that shiftless decompositions are not unique in general. One can be refined when
a Qi is not irreducible, by splitting this factor further. In particular, the linear factors
of the Qi can be isolated and dealt with more easily.
A polynomial Q is refined with respect to a polynomial P when it is such that for

each h ∈ Z, there exists ℓ ∈ N such that gcd(P,Q(n + h)ℓ+1) = Q(n + h)ℓ. A shiftless
decomposition is called refined with respect to P when each Qi is. This refinement can
be computed using gcds only and will be used with P = p0 and P = pr, the extreme
coefficients of L∗.
Example 19. Let Q = (n − 1)(n − 1/2), P1 = (n − 1)(n − 1/2) and P2 = (n − 1).
Then the shiftless decomposition of Q defined by v = n1 = e1,1 = 1 and Q1 = Q
is refined with respect to P1 but not P2 as for any ℓ ∈ N, gcd(P2, Q

ℓ+1) = n − 1,
which is not a power of Q. However the shiftless decomposition defined by v = 2,
n1 = n2 = e1,1 = e2,1 = 1, Q1 = n− 1 and Q2 = n− 1/2 is refined with respect to both
P1 and P2.
From a shiftless decomposition, the partial fraction decomposition of Eq. (2.20) is then

obtained by standard algorithms [140, p. 5.11].

2.4.2 Weak reduction of the polar part

Lemma 20. Let Q ∈ K[n] be square-free, shift-free and refined with respect to the
coefficients p0 and pr of L∗. Given a rational function R ∈ KQ(n), Algorithm 2 computes
a rational function [R]Q ∈ KQ(n) with all its poles at zeros of Q(n − j) such that
j ∈ J0; r − 1K and R − [R]Q = P + L∗(T ) for some P ∈ K[n] and T ∈ KQ(n). The
algorithm is K-linear, i.e. the function implemented by the algorithm is K-linear.

Proof. Assume that R decomposes as

R =
∑
j∈J

λj(n)

Q(n− j)sj
with λj 6= 0, deg(λj(n)) < sj deg(Q). (2.21)

Let jm = min(J) and ordj(p0) be the largest integer ℓ such that Q(n− j)ℓ | p0. Then,

Q(n− jm)sjmL∗
(

1

Q(n− jm)sjm+ordjm (p0)

)
= p̃0(n) mod Q(n− jm)sjm ,
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where p̃0(n) is the remainder in the Euclidean division of p0/Q(n − jm)ordjm (p0) by
Q(n − jm)sjm . The poles of the rational function L∗

(
Q(n− jm)−sjm−ordjm (p0)

)
are at

zeros of Q(n− j) with j ∈ (jm + J0, rK).
SinceQ is refined with respect to p0, the polynomial p̃0(n) is relatively prime withQ(n−

jm). Thus, an extended gcd computation yields two polynomials A and B such that

λjm(n) = A(n)p̃0(n) +B(n)Q(n− jm)sjm . (2.22)

Then
A(n)p̃0(n)

Q(n− jm)sjm
=

λjm(n)

Q(n− jm)sjm
−B(n),

so that
R− L∗

(
A(n)

Q(n− jm)sjm+ordjm (p0)

)
is equivalent to R modulo L∗(KQ(n)) and with all its poles at zeros of Q(n − j) with
j ∈ J \ {jm} ∪ (jm + J1, rK). This operation can be repeated a finite number of times
until all poles are at zeros of Q(n− j) with j ≥ 0.

Similarly, let jM = max(J). Then

Q(n− jM )sjML∗

(
1

Q(n− jM + r)sjM+ordjM (pr)

)
= p̃r(n) mod Q(n− jM )sjM ,

where p̃r(n) is the remainder in the Euclidean division of pr/Q(n − jM )ordjM (pr) by
Q(n− jM )sjM . The poles of the rational function L∗

(
Q(n− jM + r)−sjM−ordjM (pr)

)
are

at zeros of Q(n− j) with j ∈ (jM − J0, rK). Again, since Q is refined with respect to pr,
the polynomial p̃r is relatively prime with Q(n− jM ). Thus there exist two polynomials
A′ and B′ such that

λjM (n) = A′(n)p̃r(n) +B′(n)Q(n− jM )sjM (2.23)

so that

R− L∗
(

A′(n+ r)

Q(n− jM + r)sjM+ordjM (pr)

)
is equivalent to R modulo L∗(KQ(n)) and with all its poles at zeros of Q(n − j) with
j ∈ J \ {jM} ∪ (jM − J1, rK). This operation can be repeated a finite number of times
until all poles are at zeros of Q(n− j) with j ∈ J0, r − 1K.
Each step being K-linear, so is the algorithm.

Example 21. Let

R = 8nx+
2x3

n+ 3
+

4x(x2 − x− 8)

n+ 2

+
(x+ 4)(2x2 − 3x− 4)n+ 2x3 + x2 − 16x− 16

(n+ 1)2
− 4(x− 1)x2

n
+

5nx2 − 9x2

(n− 1)2
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and

L∗ = x2(n− 2)S−3n − n(4n2 − x2 − 4n)S−2n + n(4n2 − x2 + 4n)S−1n − x2(n+ 2).

The poles of R are at {1, 0,−1,−2,−3}. We take Q = n+ 1 and follow the steps of the
algorithm.
The pole at −3 is easy: from

L∗
(

1

n+ 3

)
= 4n+

x2

n+ 3
+

2x2 − 16

n+ 2
+
−x2 + 8

n+ 1
− 2x2

n

and the coefficient 2x3 of (n+ 3)−1 in R, the algorithm performs the subtraction

R← R− 2xL∗
(

1

n+ 3

)
= − 4x2

n+ 2
− (5x2 − 16)n+ x2 − 16

(n+ 1)2
+

4x2

n
+

5nx2 − 9x2

(n− 1)2
.

Next, the pole −2 is a simple root of the constant coefficient of L∗, leading to the
computation of

L∗
(

1

(n+ 2)2

)
= − x2

n+ 2
− (x2 − 4)n− 4

(n+ 1)2
+
x2

n
+
x2n− 2x2

(n− 1)2

so that the pole is removed by

R← R− 4L∗
(

1

(n+ 2)2

)
= − x2

(n+ 1)
+

x2

(n− 1)
. (2.24)

R now has all its poles in {−1, 0, 1} and the weak reduction is completed.

2.4.3 Strong reduction of the polar part
By Lemma 20, the weak reduction produces rational functions all whose poles differ
from those of Q by an integer in J0, r− 1K. The next step of the reduction is to subtract
rational functions in L∗(KQ(n)) that have this property.
It turns out to be possible to focus on a finite-dimensional subspace of L∗(KQ(n))

thanks to the following.

Lemma 22. If j < 0, s > ordj(p0) and ℓ < s deg(Q) or if j ≥ 0, s > ordj+r(pr) and
ℓ < s deg(Q) then [

L∗
(

nℓ

Q(n− j)s

)]
Q

= 0.

Proof. Let j, s, ℓ be three integers that satisfy the first assumption. Then L∗(nℓ/Q(n− j)s)
has a denominator that is divisible by Q(n− j) with j < 0 by assumption. No smaller k
is such that Q(n − k) divides the denominator. Thus the first pass through the first
loop of the weak reduction subtracts L∗(nℓ/Q(n− j)s) to itself and reduces it to zero.
When the second assumption is satisfied, then L∗(nℓ/Q(n− j)s) has a denominator that
is divisible by Q(n − (j + r)) with j + r ≥ r by assumption. No larger k is such that
Q(n − k) divides the denominator. Thus again, the second loop reduces that fraction
to 0.

27



2 An algorithm for the univariate summation of D-finite functions

Algorithm 3 Weak reduction of polynomials [·]∞
Input P and (σ,p) from Eq. (2.25)
Output a reduced form of P
a← 0
while deg(P ) ≥ σ do

if deg(P )− σ is a root of p then a← a+ lt(P ); P ← P − lt(P )

else P ← P − lc(P )
p(deg(P )−σ)L

∗(ndeg(P )−σ)
return a+ P

Corollary 23. Let I0 := {j ∈ Z<0 | gcd(p0(n), Q(n − j)) 6= 1} and Ir := {j ∈ Z≥0 |
gcd(pr(n), Q(n − (j + r))) 6= 1}. The K-vector space [L∗(KQ(n))]Q is generated by the
fractions

[
L∗
(

nℓ

Q(n− j)sj

)]
Q

, with


j ∈ I0 and 1 ≤ sj ≤ ordj(p0) and 0 ≤ ℓ < sj degQ

or
j ∈ Ir and 1 ≤ sj ≤ ordj+r(pr) and 0 ≤ ℓ < sj degQ.

Corollary 23 provides a generating family of the finite-dimensional K-vector spa-
ce [L∗(KQ(n))]Q. These rational functions can be written in the basis (ni/Q(n −
j)k)i,k∈N,j∈Z and one can then compute an echelon basis of this finite-dimensional space.
This precomputation step corresponds to the computation of the BQi ’s in Algorithm 4.
The strong reduction of a rational function R ∈ KQ then consists in reducing [R]Q with
this echelon basis. By this process, we obtain the following.

Proposition 24. Strong reduction reduces every rational function R ∈ L∗(KQ(n)) to a
polynomial in K[n].

Example 25. With the same notation as in example 21, Corollary 23 shows that the
vector space [L∗(Kn+1(n))]n+1 is generated by[
L∗
(

1

n+ 2

)]
n+1

= 4n+
x2

n+ 1
− x2

n− 1
,

[
L∗
(

1

n+ 1

)]
n+1

= 4n+
x2

n− 1
− x2

n+ 1
.

Thus the strong reduction of the rational function R from Eq. (2.24) is the polynomial

R+ L∗((n− 2)−1)/(2x) = −2n/x,

concluding the reduction.

2.4.4 Weak reduction of polynomials
The weak reduction of polynomials is a direct adaptation of the differential case [20].

The indicial polynomial of L∗ at infinity is the polynomial p ∈ K[s] defined by

L∗(ns) = ns+σ(p(s) +O(1/n)), (2.25)

with σ ∈ N. The ensuing weak reduction is presented in Algorithm 3.
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Example 26. In Examples 21 and 25, the indicial equation at infinity is

L∗(ns) = ns+2(8 + 4s+O(1/n)).

The polynomial −2n/x found in Example 25 cannot be reduced further by weak reduc-
tion since its degree in n is smaller than 2.
The following properties are proved exactly as those for weak reduction at a pole.

Lemma 27. Algorithm [·]∞ terminates and is K-linear. For all P ∈ K[n], there exists
Q ∈ K[n] such that P − [P ] = L∗(Q). If s ∈ N is not a root of p, then [L∗(ns)]∞ = 0.

2.4.5 Strong reduction of polynomials
The final step is to subtract polynomials in L∗(K(n)). Here again, a finite number of
generators can be obtained thanks to the following.

Lemma 28. Let Q1, . . . , Qv be the polynomials that occur in a shiftless decomposition
of p0pr and let P be a polynomial in L∗(K(n)). Then

P ∈ Epol
def
= L∗(K[n]) +

v∑
i=1

[L∗(KQi(n))]Qi ∩K[n].

Proof. If R ∈ K(n) is such that L∗(R) is a polynomial, then the poles of R must be
cancelled by the zeros of p0pr or their shifts. It follows that R decomposes as

R = R∞ +
v∑

i=1

Ri

with Ri ∈ KQi(n) and R∞ ∈ K[n]. Each L∗(Ri) has to be a polynomial and thus
invariant by [·]Qi . This concludes the proof.

By Lemma 27, the vector space [L∗(K[n])]∞ is generated by

{[L∗(ns)]∞ | s ∈ N and p(s) = 0},

where p is the indicial polynomial of L∗ at infinity. Generators of each [L∗(KQi(n))]Qi ∩
K[n] are obtained from the echelon basis used in the strong reduction with respect to Qi.
This gives a finite set of generators for [Epol]∞, which is easily transformed into a basis
by a row echelon computation. Strong reduction consists in reducing modulo this basis.
The following consequence is as in the polar case.

Lemma 29. The strong reduction of polynomials reduces every polynomial P ∈ L∗(K(n))
to zero.

Example 30. Continuing Examples 21, 25 and 26, the polynomial p(s) = 8 + 4s has no
root in N, therefore [L∗(K[n])]∞ = {0}. A basis of [L∗(Kn+1)]n+1∩K[n] is {n} according
to Example 25. Therefore 2n/x reduces to 0.
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Algorithm 4 PrecomputeBases
Input Q1, . . . , Qv polynomials that occur in the shiftless decomposition of p0pr
Output The echelon bases BQ1 , . . . , BQv , Bpol

Bpol ← {}
for i = 1 to v do
BQi ← Echelon

({[
L∗
(

nℓ

Q(n−j)sj

)]
Qi

| ℓ, j, sj as in Cor.1
})

Bpol ← Bpol ∪ (BQi ∩K[n])
Bpol ← Echelon(Bpol ∪ {[L∗(ns)]∞ | s ∈ N root of p})
return BQ1 , . . . , BQv , Bpol

Algorithm 5 Reduction of rational functions [·]
Input R and BQ1 , . . . , BQv , Bpol computed by Algorithm 4
Output a reduced form of R by L∗(K(n)).
Decompose R as P∞ +

∑v
i=1Ri with Ri ∈ KQi(n) as in Eq. (2.20)

for i = 1 to v do RQi ← ReduceWithEchelon([Ri]Qi , BQi)
R← P∞ +

∑v
i=1RQi

Write R = P + R̃ with P a polynomial and R̃ a proper fraction
P ← ReduceWithEchelon([P ]∞, Bpol)
return P + R̃

2.4.6 Canonical form
Algorithm 4 and Algorithm 5 combine the previous algorithms to produce a canonical
form.

Theorem 31. Algorithm 5 computes a canonical form.

Proof. Algorithm 5 is linear as every step is linear. By Proposition 24 and Lemma 29,
[L∗(K(n))] reduces to 0 and [R] − R ∈ L∗(K(n)) as only functions in this image were
subtracted to R.

2.5 Certificates
Reduction-based creative telescoping algorithms allow to find a telescoper without having
to compute an associated certificate. This has led to faster algorithms as certificates are
known to be larger than telescopers [23]. This approach makes sense in the differential
case when it is known in advance that the integral of a certificate over a cycle that avoids
singularities is equal to zero. The framework is not as favorable for sums. Indeed, it is
necessary to detect whether the certificate has poles in the range of summation and it
is often unclear whether the certificate becomes 0 at the boundaries of the summation
interval.
It is however possible to compute the certificates in a compact way during the execution

of our algorithm, with almost no impact on the execution time. The idea is to make
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the computation and storage of certificates efficient by storing them as directed acyclic
graphs (dags) rather than operators with normalized rational function coefficients. These
dags have a number of internal nodes of the same order as the number of operations
performed when computing the telescoper, so that their computation does not burden
the complexity. They can then be evaluated at the endpoints of the range of summation,
or expanded in Laurent series there. In particular, they can be used for a probabilistic
test of the telescoping identity that has been computed, by checking that it vanishes at
random points (our implementation provides a function testcert for this.)

2.5.1 Computation and structure of certificates
Equations (2.17) and (2.18) show how one can compute telescopers without computing
certificates. We now show how to compute the certificates simultaneously. These are
obtained as sums of monomials in the ∂i multiplied by rational functions. These rational
functions have denominators of the form Q(n − j)s, with integers j, s and polynomials
Q that occur either in the shiftless decomposition of p0pr or in the denominator of the
operator A1 ∈ K̂〈Sn〉 such that 1 = A1γ, or in the denominator of one of the operators Bi

from Proposition 14. Those sums are not reduced to a common denominator. They share
many common coefficients and denominators that are efficiently compacted into dags by
sharing common subexpressions (this is how Maple stores them by default).
The starting point is the cyclic vector γ ∈ A/I and the operator A1 ∈ K̂〈Sn〉 such

that 1 = A1γ. By Euclidean division by ∆n on the left,

A1 = R0 +∆ng0.

In general, the certificate Gα in Eq. (2.17) is stored as an (unreduced) element gα of A
such that Gα = gαγ mod I. The computation is incremental. It is initialized with R0

and g0 as above, corresponding to α = 0. In many cases, the vector 1 is cyclic, so that
one can take γ = 1 = A1 = R0 and g0 = 0. Otherwise, the denominators of R0 and g0
are shifts of the denominator of A1.

Next, Eq. (2.18) leads to the computation of the canonical form of the rational function
φi(Rβ). This computation is performed via a sequence of reductions which consist of
subtractions of elements in L∗(K(n)). Keeping track of these rational functions (without
normalizing them) gives the canonical form Rα as

φi(Rβ) = Rα − L∗(cα)

for some rational function cα ∈ K̂. Both Rα and cα have denominators that are shifts
of those of Rβ or of factors of p0pr. In view of Eq. (2.16), it follows that

∂α = ∂i∂
β = Rαγ +∆n (∂iGβ + PBi(σi(Rβ))γ + PL(cα)γ) mod I.

Thus, the certificate Gα is obtained as gαγ with

gα = ∂igβ + PBi(σi(Rβ)) + PL(cα). (2.26)
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This proves the claim concerning the structure of the certificates and the factors of
their denominators. In our implementation, ∂i is commuted with the coefficients of the
certificate gβ only. If desired, one can further use ∂i = Bi mod I so as to write gα as an
operator in Sn only.

2.5.2 Evaluation of the certificates
The output of Algorithm 1 is a set of elements T of the telescoping ideal, which means
that

T (F ) = g(F )(n+ 1, x1, . . . , xm)− g(F )(n, x1, . . . , xm),

with g a certificate as described above. Summing over n, the right-hand side telescopes
and only the values of the certificate g(F ) at the endpoints are needed.

It is possible to prove that these evaluations are zero without any evaluation in two
important cases. First, if the summand F has finite support (e.g., binomial sums), then
the sum of any certificate over Z will be zero provided it has no pole in the summation
range. The second case is when one can prove that R(n)γ(F ), . . . , R(n)Sr−1

n γ(F ) tend
to zero as n tends to ±∞ for any rational function R ∈ K(n) (as in the introductory
example). Then again the sum of any certificate over Z will be zero provided it has no
pole in the summation range.

2.5.3 Integer pole detection
By its very nature, the method of creative telescoping requires the certificate not to have
poles in the range of summation, so that telescoping can occur. The structure of the
certificates described above does not allow the efficient computation of its denominator
exactly. However it is possible to compute a multiple of it by taking the least common
multiple of the denominators of every rational function in the representation. This can
be done efficiently by performing the computation on the dag representation of the
certificates.
From this multiple of the denominator of the certificate, one can compute the set of

roots that lie in the summation range; this amounts to computing the roots that differ
from the endpoints of the summation range by an integer. If that set is not empty,
then one can compute a Laurent series expansion of the certificate at any point to check
whether it is a pole or not, again by exploiting the dag representation of the rational
function coefficients.

2.5.4 Examples
2.5.4.1 Neumann’s Addition Theorem for Bessel functions

On input S(x) =
∑∞

n=1 Jn(x)
2 where Jn(x) is the Bessel function of the first kind,

Algorithm 1 outputs the telescoper ∂x and a certificate G in dag form that exhibits poles
at n ∈ {−1, 0, 1, 2}. Our implementation produces the polynomial n(n+1)(n−2)(n−1)
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containing this information. In this example, the certificate is small enough that it can
easily be normalized and one gets its value as

− x

4 (n+ 1)
S2
n +

n+ 1

x
Sn −

8n2 − x2 + 8n

4x (n+ 1)
,

showing that the poles at 1 and 2 vanish in the normalization. Without normalizing the
certificate, one can still evaluate the series expansions of the certificate at those points
to establish that it has a finite limit there, making the summation legitimate. At n = 1,
the evaluation is found to be

−J0(x)J1(x) =
1

2
(J0(x)

2)′.

Thus we have proved

d

dx

(
1

2
J2
0 (x) + J1(x)

2 + J2(x)
2 + · · ·

)
= 0.

This shows that the sum is constant and the value is revealed by its value at 0, which
follows from Jk(0) = 0 for k > 0 and J0(0) = 1, so that in the end, we recover the
classical identity [97, p. 10.23.3]

1 = J0(x)
2 + 2

∑
k≥1

Jk(x)
2.

2.5.4.2 Apéry’s Sequence

The classical sum
An =

n∑
k=0

(
n

k

)2(n+ k

k

)2

, (2.27)

used by Apéry in his proof of the irrationality of ζ(3), has telescoper

T := (n+ 2)3 S2
n − (2n+ 3)

(
17n2 + 51n+ 39

)
Sn + (n+ 1)3 . (2.28)

The singularities of the certificate obtained by our implementation are at k ∈ {n+1, n+
2}. Indeed, once normalized, the certificate is found to be

C := 4 (3k − 4n− 8) k4

(k − n− 2)2
Sn −

4k4 (3k + 4n+ 4)

(k − n− 1)2
.

Let Un,k denote the product of binomials in the sum. Summing T Un,k from k = 0
to k = n+ 2 gives T (An). If telescoping is legitimate, then the values of the endpoints
are the values of CUn,k at k = 0 and k = n + 3, that are both easily checked to be 0.
For this to allow to conclude that T (An) = 0, it is then sufficient to check that CUn,k is
not singular at k = n+1 and k = n+2, even though C is. Indeed, a series expansion of
the evaluation of CUn,k at k = n + 1 and k = n + 2 is possible for our implementation,
and finds that the sequence has a finite limit there, which concludes the proof that the
telescoper Eq. (2.28) cancels the sum Eq. (2.27); see also [49] for more on these issues.
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2.5.5 A larger example
The computation of telescoper and certificate for the sum

∞∑
n=0

(4n+ 1)(2n)!

n!222n
√
x

J2n+1/2(x)P2n(u) (2.29)

takes less than 15 sec. with our current implementation (see Table 2.1). The telescopers
are quite small:

(1− u2)∂u + xu∂x, (u3 − u)∂2u + (1 + u2)∂u − u3x2.

In this example, not normalizing the certificates during their computation has a cost.
The actual certificates, once reduced by the Gröbner basis of the annihilating ideal of the
summand, are not very large. They are easily computed by Koutschan’s program. Still,
the corresponding dags are large. Nonetheless, it takes less than 1 sec. to compute a
multiple of the denominators of the certificates and detect that they do not have integer
roots. Evaluating the certificates at n = 0 using their dag representation takes less than
2 min. and proves that the telescopers cancel the sum in Eq. (2.29).

2.6 Implementation
This algorithm is implemented in Maple2. Table 2.1 gives a comparison of our code with
Koutschan’s heuristic (HF-FCT) and Chyzak’s algorithm (HF-CT)3. They are both im-
plemented in Koutschan’s HolonomicFunctions package in Mathematica [84]. The column
‘redctsum’ corresponds to our algorithm.
These programs have been executed on a list of 21 easy examples that were compiled

by Koutschan, as well as more difficult ones given in Eqs. (2.30) to (2.36) and (2.39)
to (2.41) below. Eq. (2.30) comes from recent identities involving determinants [4],
Eqs. (2.31), (2.32), (2.39) and (2.40) have been chosen because they looked natural to
experiment with, Eq. (2.34) is a harder example found in Koutschan’s list, Eq. (2.33)
as well as Eq. (2.36) and its special case Eq. (2.35) come from the classical book of
integral and series by Prudnikov et al. [104], and finally Eq. (2.41) is an example where
Koutschan’s heuristic does not stop as it does not guess correctly the form of the ansatz
to use [38].

n∑
j=1

(
m+ x

m− i+ j

)
cn,j where cn,j satisfies recurrences of order 2 [4, p. 6] [shift n, i]

(2.30)
∞∑
n=0

C(k)
n (x)C(k)

n (y)
un

n!
[shift k, diff x, y, u] (2.31)

2The implementation is available at https://github.com/HBrochet/CreativeTelescoping.git, to-
gether with sessions of examples.

3The code was run on a Intel Core i7-1265U with 32 GB of RAM.
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HF-CT HF-FCT redctsum
easy examples 6.7s 7s 0.9s
Eq. (2.30) 101s 49s 0.8s
Eq. (2.31) 52s 4s 1.4s
Eq. (2.32) 62s 1.7s 5.7s
Eq. (2.33) 4.9s 1.4s 10.3s
Eq. (2.34) 4.9s 1.4s 13.5s
Eq. (2.35) 1200s 13s 205s
Eq. (2.36) > 6h 108s 3338s
Eq. (2.37) 976s 9s 123s
Eq. (2.38) > 1h 19s 278s
Eq. (2.39) 1703s 4.7s 580s
Eq. (2.40) > 1h 3.2s(∗) > 1h
Eq. (2.41) > 1h > 1h 0.4s

Table 2.1: Columns HF-CT and HF-FCT report the runtimes of Chyzak’s and
Koutschan’s algorithms in the HolonomicFunctions package, while column
redctsum shows the runtimes of our Maple implementation. An entry marked
with (∗) indicates that we could not verify whether the telescopers returned
by HF-FCT were minimal.

∞∑
n=0

Jn(x)C
(k)
n (y)

un

n!
[shift k, diff x, y, u] (2.32)

∞∑
k=0

(−1)k(4k + 1)J2k+1/2(w)P2k(z) [diff w, z] (2.33)

∞∑
n=0

(4n+ 1)(2n)!

n!222n
√
x

J2n+1/2(x)P2n(u) [diff x, u] (2.34)

∞∑
k=0

(b+ 3/2)k
(3/2)k(b+ 1)k

P
(1/2,b)
k (x)P

(1/2,b)
k (y) [shift b, diff x, y] (2.35)

∑
k

(a+ b+ 1)k
(a+ 1)k(b+ 1)k

P
(a,b)
k (x)P

(a,b)
k (y) [shift a, b, diff x, y] (2.36)

∑
k

(b+ 3/2)kk!t
k

(3/2)k(b+ 1)k
P

(1/2,b)
k (x)P

(1/2,b)
k (y) [shift b, diff t, x, y] (2.37)

∑
k

(a+ b+ 1)kk!t
k

(a+ 1)k(b+ 1)k
P

(a,b)
k (x)P

(a,b)
k (y) [shift a, b, diff t, x, y] (2.38)

∞∑
n=0

Pn(x)Pn(y)Pn(1/2) [diff x, y] (2.39)
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HF-CT HF-FCT redctsum
S6 11s 64s 0.4s
S7 32s 331s 0.6s
S8 106s 1044s 1.0s
S9 325s 3341s 2.5s
S10 1035s >1h 5.7s

Table 2.2: Timings on the family Sr from Eq. (2.42). Columns HF-CT and HF-
FCT report the runtimes of Chyzak’s and Koutschan’s algorithms in the
HolonomicFunctions package, while column redctsum shows the runtimes
of our Maple implementation. An entry marked with (∗) indicates that we
could not verify whether the telescopers returned by HF-FCT were minimal.

∞∑
n=0

Pn(x)Pn(y)Pn(z) [diff x, y, z] (2.40)

∑
y

4x+ 2

(45x+ 5y + 10z + 47)(45x+ 5y + 10z + 2)(63x− 5y + 2z + 58)(63x− 5y + 2z − 5)
[shift x, z]

(2.41)

The family (Sr) is defined by [69]

Sr =

n∑
k=0

(−1)k(rn− (r − 1)k)!(r!)k

(n− k)!rk!
. (2.42)

For any r, our algorithm produces a minimal telescoper of order r and degree r(r−1)/2.
The timings are reported in Table 2.2. It is unclear why the heuristic HF-FCT does not
perform well on this family.
On most of these examples, the main part of the time of the computation is spent in

the reductions in the call to CanonicalForm in Algorithm 1. For the two similar sums
of Eqs. (2.33) and (2.34), almost half of the time is spent in Algorithm 4 performing the
reductions needed to compute the bases for the strong reduction. This step is crucial to
ensure that the minimal order elements in the telescoping ideal are found.
There are cases, like Eq. (2.36) and the family Sr, where the intermediate rational

functions Rα in Eq. (2.17) become much larger than the telescopers found after linear
algebra on them. In such situations, the direct, non-incremental approach taken by
HF-CT and HF-FCT can be more efficient, by avoiding an unnecessarily large basis of
rational functions.
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3 An algorithm for the multivariate
integration of holonomic functions

The research presented in this chapter was conducted in collaboration with my PhD
advisors, Frédéric Chyzak and Pierre Lairez, and resulted in the submission of an arti-
cle [28]. The chapter closely follows the submitted version, with a shortened introduction
to avoid redundancies. Throughout the chapter, I use the pronoun “we” to reflect the
collaborative nature of the work.

3.1 Introduction
We present a creative telescoping algorithm for computing telescopers of multiple in-
tegrals of holonomic functions depending on a single parameter. The method natu-
rally generalizes to integrals with multiple parameters. Our algorithm uses a reduction
based-approach, a novelty in the holonomic setting. Let f(t, x1, . . . , xn) be a holonomic
function and let

I(t) =

∮
f(t, x1, . . . , xn)dx1 . . . dxn (3.1)

be an integral we aim to compute. In the multivariate case, the method of creative
telescoping seeks to compute an equation of the form

aℓ(t)
∂ℓf

∂tℓ
+ · · ·+ a1(t)

∂f

∂t
+ a0(t)f =

∂g1
∂x1

+ · · ·+ ∂gn
∂xn

, (3.2)

where aℓ, . . . , a0 are rational functions in K(t) and g1, . . . gn are functions in Wt,x · f ,
with Wt,x denoting the Weyl algebra in t and x.
We prove that the module

M = K(t)[x1, . . . , xn]〈∂t, ∂1, . . . , ∂n〉 · f (3.3)

is finitely generated and even holonomic as a Wx(t)-module, where Wx(t) denotes the
nth Weyl algebra in x1, . . . , xn over K(t). This result makes it possible to represent the
function f by theWx(t)-moduleM and a derivation map ∂t :M 7→M which corresponds
to differentiation with respect to t and satisfies the Leibniz rule

∂t · (am) = ∂a
∂tm+ a(∂t ·m) (3.4)

for any a ∈ K(t) and m ∈ M . Noting that the right-hand side of Eq. (3.2) corresponds
to an element of the right module ∂M = ∂1M + · · · + ∂nM , the problem of creative
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3 An algorithm for the multivariate integration of holonomic functions

telescoping reduces to computing K(t)-linear relations among elements of M , in this
specific case the ∂it(f)’s, in the quotient M/∂M . The holonomy of M implies that
the quotient M/∂M is a finite dimensional vector-space over K(t) [16, Theorem 6.1 of
Chapter 1, combined with the example that precedes it, for p = 2n], which guarantees
the existence of such a relation for sufficiently large ℓ.
The chapter is structured as follows. In Section 3.3, we propose a new algorithm for

computing relations inM/∂M . In some aspects, this generalizes the Griffiths-Dwork re-
duction method for homogeneous rational functions [71, 23, 86] to the holonomic setting
(see Section 3.3.4). This yields a new algorithm for multivariate creative telescoping that
is presented in Section 3.4. In Section 3.5 we present a Julia [15] implementation of our
algorithm. Although the new algorithm does not yet match the performance of the best
D-finite-based implementations, it improves the state of the art in the holonomic setting.
As an application, we present in Section 3.6 the computation of a differential equation
for the generating series of 8-regular graphs, a case for which D-finite approaches are
theoretically not suited, and which was also previously unattainable by dedicated meth-
ods.

3.2 Computing with Weyl algebras
3.2.1 Weyl algebras
Let K be a field of characteristic zero, typically Q or Q(t). Let Wx denote the nth Weyl
algebra K[x]〈∂x〉 with generators x = (x1 . . . , xn) and ∂x = (∂1, . . . , ∂n), and relations
∂ixi = xi∂i+1, xixj = xjxi, ∂i∂j = ∂j∂i and xi∂j = ∂jxi whenever i 6= j. We refer to [54,
Chapters 1–10] for a complete introduction to these algebras covering most needs of the
present article, or to [17, Chapter 5] for a denser alternative. We often need to highlight
one variable with a specific role, in which case we use the name t for the distinguished
variable. Correspondingly, we will write Wt,x for the (1+n)th Weyl algebra, and we will
write Wt for the special case n = 0. We also define Wt,x(t) as the algebra K(t)⊗K[t]Wt,x

where the variable t is rational and the variables x are polynomial. For non-zero r ∈ N,
we also consider Cartesian powers of these algebras, W r

x , Wx(t)
r, etc., which we view

as modules over Wx or Wx(t), as relevant. Each element of the module W r
x decomposes

uniquely in the basis of K-vector space

Mx,r = {xα∂β
x ei | α,β ∈ Nn, i ∈ {1, . . . , r}}.

Given an element p =
∑

α,β,i aα,β,ix
α∂βei of W r

t,x, we define the degree of p as

deg(p) = max{|α|+ |β| | ∃i ∈ {1, . . . , r}, aα,β,i 6= 0},

where |α| and |β| denote the sums α1 + · · ·+ αn and β1 + · · ·+ βn. Definitions for the
algebra Wx mimic the case r = 1, just not considering any ei, and definitions for the
module W r

t,x are just a special notation when n is replaced with n + 1: a vector basis
of Wx is

Mx = {xα∂β
x | α,β ∈ Nn},
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3 An algorithm for the multivariate integration of holonomic functions

and given an element p =
∑

α,β aα,βx
α∂β

x of Wx, its degree is

deg(p) = max{|α|+ |β| | aα,β 6= 0};

a vector basis of W r
t,x is

Mt,x,r = {tαxβ∂γt ∂
δ
xei | α, γ ∈ N, β, δ ∈ Nn, i ∈ {1, . . . , r}},

and given an element p =
∑

α,β,γ,δ,i aα,β,γ,δ,it
αxβ∂γt ∂

δ
xei of W r

t,x, its degree is

deg(p) = max{α+ |β|+ γ + |δ| | ∃i ∈ {1, . . . , r}, aα,β,γ,δ,i 6= 0}.

3.2.2 Holonomic modules
Let S be a submodule of W r

x . We recall the classical definition of a holonomic Wx-
module by means of the dimension of the quotient module M = W r

x/S. We point out
that anyWx-module of finite type is isomorphic to a module of this form. The Bernstein
filtration [12] of the algebra Wx is the sequence of K-vector spaces Fm defined by

Fm = {P ∈Wx | deg(P ) ≤ m} .

A filtration of the module M that is adapted to (Fm)m≥0 is the sequence of K-linear
subspaces Φm ⊆M defined by

Φm = image in M of {P · ei | P ∈ Fm, 1 ≤ i ≤ r} .

Those filtrations are compatible with the algebra and module structures: both FmFm′ ⊆
Fm+m′ and FmΦm′ ⊆ Φm+m′ hold. There exists a polynomial p ∈ K[m] called the
Hilbert polynomial of M that satisfies dimK(Φk) = p(k) for any sufficiently large k. The
dimension of the module M is the degree d of the polynomial p. The integer d clearly
lies between 0 and 2n. It was proved by Bernstein that if M is non-zero, then d is larger
than or equal to n [54, Theorem 9.4.2]. When the dimension of M is exactly n or when
M is the zero module, we say that the module M is holonomic. (Here, we follow the
tradition in [17, Chapter 5] and in [54] to consider the zero module as holonomic. By
way of comparison, [16] speaks of a module “in the Bernstein class” to refer to a non-zero
holonomic module.)

3.2.3 Gröbner bases in Weyl algebras and their modules
Despite their non-commutative nature, by a monomial we will mean an element of the
vector bases Mx,r, Mx, and Mt,x,r. A monomial order ≼ on W r

x is a well-ordering on
Mx,r that satisfies for any i, j ∈ {1, . . . , r} and any exponents α,β,α1,β1,α2,β2 ∈ Nn

xα1∂β1
x ei ≼ xα2∂β2

x ej =⇒ xα1+α∂β1+β
x ei ≼ xα2+α∂β2+β

x ej .

Given an operator P ∈ W r
x , we define its support supp(P ) as the set of all monomials

appearing with non-zero coefficient in the decomposition of P with coefficients on the
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left in the basis Mx,r. We then define its leading monomial lm(P ) as the largest mono-
mial for ≼ in supp(P ), its leading coefficient lc(P ) as the coefficient of lm(P ) in this
decomposition, and its leading term lt(P ) as lc(P ) lm(P ). We stress that our definition
of a leading monomial makes lm(P ) an element of W r

x , whereas some authors choose
to see leading monomials as commutative objects in an auxiliary commutative poly-
nomial algebra, introducing commutative variables ξi to replace the ∂i in monomials.
For example, we have lm(∂1x1ei) = x1∂1ei. Note that an essentially equivalent theory
could be developed by choosing monomials as elements of the basis consisting of the
products ∂β

xx
αei, instead of monomials in Mx,r.

Computations in Weyl algebras rely heavily on a non-commutative generalization of
Gröbner bases. After the original introduction [32, 34, 67] there have been a number
of presentations of such a theory, including [130, 77, 90]. A first textbook presentation
is [114, Chapter 1]. A recent and simpler introduction can be found in [5]. We now
adapt this to our need. A Gröbner basis of a left (resp. right) ideal I of Wx with respect
to a monomial order ≼ is a finite set G of generators of I such that for any a ∈ I
there exist g ∈ G and q ∈ Wx satisfying lm(a) = lm(qg) (resp. lm(a) = lm(gq)). Note
that the non-commutativity of the monomials makes them lack divisibility properties
that a commutative variant would: we may have lm(qg) 6= lm(q) lm(g) and lm(a) may
not be a multiple of lm(g), be it on the left or on the right. However, we always have
lm(a) = lm(lm(q) lm(g)). (The variables ξi introduced by other authors is to avoid this
formula.) A Gröbner basis allows us to define and compute for any a ∈Wx a unique rep-
resentative of a+ I in the quotient Wx/I by means of a non-commutative generalization
of polynomial division. We call this unique representative the remainder of the division
of a by the Gröbner basis G or more shortly remainder of a modulo the Gröbner basis G.
We denote this remainder LRem(a,G) when I is a left ideal and RRem(a,G) when I is
a right ideal. The concept of Gröbner bases for ideals of Wx extends to submodules of
W r

x in the same way as the notion of Gröbner bases for polynomial ideals generalizes to
submodules of a polynomial algebra (see [11, Chapter 10.4], [55, Chapter 5], or [2, Sec-
tion 3.5]). The noetherianity of Weyl algebras implies that any left or right submodule
of W r

x admits a (finite) Gröbner basis.
Let A be a subvector space of W r

x . We define ∂A as the K-vector space
∑n

i=1 ∂iA. If
A is a right Wx-module, then ∂A is also a right Wx-module.

3.2.4 Integration
The integral of a Wx-module M 'W r

x/S is the K-vector space

M/∂M 'W r
x/(S + ∂W r

x). (3.5)

As already mentioned, it is classical that, if M is holonomic, then the integral (3.5)
of M is a finite-dimensional K-linear space [17, Theorem 6.1 of Chapter 1]. Computing
relations modulo ∂M is the main matter of this article: given a family in M , we want
to find a linear dependency relation on its image in the integral module M/∂M , if any
such relation exists.
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3.2.5 Data structure for holonomic modules
Algorithmically, we only deal with holonomic Wx-modules. They are finitely presented:
for such a module M , there exist Wx-linear homomorphisms a and b forming an exact
sequence

W s
x

a→W r
x

b→M → 0.

Equivalently, this means that M ' W r
x/S, where S is the left submodule generated by

the image under a of the canonical basis of W s
x. The module S consists of Wx-linear

combinations of the canonical basis of W r
x , which we always denote (e1, . . . , er). This

gives a concrete data structure for representing holonomic modules. It is well known
that holonomic modules are cyclic, that is generated by a single element [54, Corollary
10.2.6]. This means that we could in principle always assume that r = 1. However, some
modules have a more natural description with r > 1 and transforming the presentation
to achieve r = 1 has an algorithmic cost that we are not willing to pay. Therefore, we
will not assume r = 1.
In order to integrate an infinitely differentiable function f(x), we may consider theWx-

module generated by f under the natural action of Wx on C∞ functions. Of course, the
holonomic approach to symbolic integration will only work if this module is holonomic.
Instead of Wx · f , we can also consider any holonomic module that contains it as a
submodule.
For example, to integrate a rational function A/F ∈ K(x), we can consider the mod-

ule K[x][F−1], which is holonomic. However, finding a finite presentation W r
x/S '

K[x][F−1] is not trivial. There are algorithms [103] to solve this problem, but, in terms
of efficiency, it is still a practical issue that we do not address in this work. Fortu-
nately, in many cases we can easily construct a holonomic module for integration. See
for example Section 3.6.

3.3 Reductions
We consider the Weyl algebra Wx over a field K and a finitely presented Wx-module M
given in the formW r

x/S for some r ≥ 1 and some submodule S ofW r
x (see Section 3.2.2).

The main objective of the section is to compute normal forms in M modulo ∂M , or,
equivalently, normal forms inW r

x modulo S+∂W r
x . In other words, we want an algorithm

that given some a ∈ W r
x computes some [a] ∈ W r

x , and such that [a] = [b] if and only
if a−b ∈ S+∂W r

x . This goal is only partially reached with a family of reductions [.]η such
that for each pair (a, b), there exists η such that [a]η = [b]η if and only if a−b ∈ S+∂W r

x .
The existence of a monomial η is not effective, similarly to the maximal total degree to
be considered in Takayama’s algorithm [128]. This is a step backwards compared to
previous methods [102], but computing weaker normal forms allows for more efficient
computational methods. Concretely, we do not rely on the computation of b-functions.
The present section is organized as follows. In Section 3.3.1 we define a reduction

procedure [.] that partially reduces elements of W r
x by S + ∂W r

x , in the sense that the
procedure will in general not reduce every element of S +∂W r

x to zero. In Section 3.3.2
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we define a filtration (F≼η)η∈Mx,r of the vector space S+∂W r
x and we give an algorithm

to compute a basis of each vector space [F≼η] of reduced forms. Using this basis we define
a new reduction [.]η that enhances the first one. In Section 3.3.3, we provide, for some
infinite families (ai)i≥0 in W r

x , an algorithm for computing an η such that all the [ai]η
lie in a finite-dimensional subspace. In Section 3.3.4, we consider the case where S is
the annihilator of ef for some homogeneous multivariate polynomial f , and we compare
our reduction procedures with variants of the Griffiths–Dwork reduction.

3.3.1 Reduction [.] and irreducible elements
Reduction rules.
Let ≼ be a monomial order on W r

x and let G be a Gröbner basis of S for this order. We
define two binary relations →1 and →2 on W r

x ×W r
x as follows:

• Given a ∈W r
x , λ ∈ K, m ∈Mx, and g ∈ G, we write

a→1 a− λmg

if lm(mg) is in the support of a but not in the support of a− λmg.

• Given a ∈W r
x , λ ∈ K, m ∈Mx,r, and i ∈ {1, . . . , n}, we write

a→2 a− λ∂im

if lm(∂im) is in the support of a but not in the support of a− λ∂im.

The relation →1 corresponds to the reduction by the Gröbner basis G of the left
module S and the relation→2 corresponds to the reduction by the Gröbner basis {∂iej |
i = 1, . . . , n, j = 1, . . . , r} of the right module ∂W r

x . Next, we define → as the relation
→1 ∪ →2. That is, a→ b if either a→1 b or a→2 b. The relation →+ is the transitive
closure of →: a→+ b if there exist s ≥ 1 and a sequence of s reductions

a→ c1 → · · · → cs = b (3.6)

for some c1, . . . , cs ∈ W r
x . The relation →∗ is the reflexive closure of →+: a →∗ b if

either a→+ b or a = b. In this situation we say that a reduces to b.

Irreducible elements.
We say that an element b is irreducible if there is no c such that b→ c and we say that
b is a reduced form of a if b is irreducible and a→∗ b.

Lemma 32. Let a, b ∈W r
x. If a→∗ b then a− b ∈ S + ∂W r

x.

Proof. This follows from the definition of →1 and →2 since the terms mg and ∂im are
in S and ∂W r

x , respectively.

However, the converse of Lemma 32 is not true in general, even when b = 0: there
may be nonzero irreducible elements in S + ∂W r

x .
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Lemma 33. The irreducible elements of W r
x form a K-vector space.

Proof. The set V of all irreducible elements contains 0 and is stable by multiplication by
K. Let a, b ∈ V and assume by contradiction that a + b is not irreducible. Then, there
exists a monomial m ∈Mx,r in the support of a+ b that can be reduced by →. Because
a + b = b + a, we can without loss of generality assume that m is in the support of a.
This contradicts the irreducibility of a. Thus a+ b ∈ V .

The vector space of Lemma 33 can be infinite-dimensional, as we now exemplify.
Example 34. Let S = Wx1∂1 be the left ideal generated by ∂1 in the Weyl algebra in
one pair of generators, (x1, ∂1). Note that Wx1/S ' K[x1] as Wx1-module. Let ≼ be
the lexicographic order for which ∂1 ≼ x1. Then, any element of K[x1] (as a subspace
of Wx1) is irreducible.

Irreducible forms can be computed by alternating left reductions with respect to a
Gröbner basis of S (representing the rule →1) and right reductions with respect to a
Gröbner basis of ∂W r

x (representing the rule →2). This leads to Algorithm 1. Correct-
ness is clear. The algorithm terminates since the largest reducible monomial in a, if any,
decreases at each iteration of the loop.

Algorithm 1 Computation of a reduced form

Input:
• a ∈W r

x

• a Gröbner basis G of S
Output:

• a reduced form of a
1 while a is not irreducible
2 a← RRem(a, {∂iej | i = 1, . . . , n, j = 1, . . . , r})
3 a← LRem(a,G)
4 return a

Definition 35. We denote by [a] the reduced form of a ∈ W r
x that is computed by

Algorithm 1.

Proposition 36. The map [.] is K-linear.

Proof. The maps RRem and LRem are K-linear by the uniqueness of the remainder of a
division by a Gröbner basis. Let τ(a) denote the number of iterations of the while loop
in Algorithm 1 on input a. Given τ ∈ N, let Vτ denote the set of all a for which τ(a) ≤ τ .
The restriction of [.] on Vτ takes the same values as the composition of τ copies of RRem
and τ copies of LRem in alternation, in which some of the final copies effectively act by
the identity as they input irreducible elements. So the restriction of [.] on Vτ is K-linear
as a composition of linear maps. The result follows because W r

x =
⋃

τ≥0 Vτ .
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3.3.2 Computation of the irreducible elements of S + ∂W r
x

Again, we fix an order ≼ and a submodule S of W r
x by considering a Gröbner basis G of

it. Let E be the vector space of all irreducible elements of S + ∂W r
x . This vector space

can be infinite-dimensional hence we cannot hope to compute all of it. We therefore
define a vector-space filtration (F≼η)η∈Mx,r of S + ∂W r

x by

F≼η = {s+ d ∈W r
x | s ∈ S, d ∈ ∂W r

x , and max(lm(s), lm(d)) ≼ η} ,

and a vector-space filtration of E by E≼η := F≼η ∩E. We define F≺η and E≺η similarly,
by requiring a strict inequality on the maximum of the leading monomials.
Our goal is to obtain an efficient computation of a K-basis of E≼η. Let us give an

intuitive description of our algorithm. By general properties of Gröbner bases, a non-zero
element reduces to zero using the relation →1 (resp. →2) if and only if it belongs to S
(resp. ∂W r

x). The difficulty arises when both reduction rules can be applied to reduce
a monomial. For example, take an element s in S such that lm(s) ∈ lm(S) ∩ lm(∂W r

x)
and, assuming it can be reduced so as to cancel its leading monomial by using →2,
perform this reduction, that is, find s′ such that s →2 s

′ and lm(s′) ≺ lm(s). In this
case, it is possible that s′ is neither in S nor in ∂W r

x , making it a good candidate for an
element that does not reduce to 0 by →. The following theorem shows more precisely
how generators of E can be obtained.

Theorem 37. Let η ∈Mx,r.

1. If η 6∈ lm(S) ∩ lm(∂W r
x), then E≼η = E≺η.

2. If η ∈ lm(S)∩lm(∂W r
x), then E≼η = E≺η+Ka, for any reduced form a of mg−∂iw,

where w ∈ W r
x, m ∈ Wx and g ∈ G are any elements such that η = lm(mg) =

lm(∂iw) and lc(mg) = lc(∂iw). Moreover, such m and g exist because G is a
Gröbner basis of S.

Proof. For the first point, we prove by contradiction that for any a ∈ E≼η and any
s ∈ S and d ∈ ∂W r

x satisfying a = s + d and max(lm(s), lm(d)) ≼ η, we have in
fact max(lm(s), lm(d)) ≺ η. This will imply the equality E≼η = E≺η. Let us assume
that the equality max(lm(s), lm(d)) = η holds. Therefore, either lm(s) = lm(d) = η, or
lm(s) ≺ lm(d) = η, or lm(d) ≺ lm(s) = η. The first case is excluded because we assumed
η 6∈ lm(S) ∩ lm(∂W r

x). In both remaining cases it is possible to reduce lm(a) = η with
one of the two reduction rules. This contradicts the fact that a is irreducible.
For the second point, let m, g, w, i, and a be given as in the statement. We first check

that E≺η+Ka ⊆ E≼η. It is enough to prove that a ∈ E≼η. By definition,mg−∂iw ∈ F≼η,
and we check easily that F≼η is stable under →. So a ∈ F≼. Since a is also irreducible,
we have a ∈ E≼η.
Let us prove the other inclusion. Let f ∈ E≼η. Then f is irreducible and of the

form s + d for s ∈ S and d ∈ ∂W r
x satisfying max(lm(s), lm(d)) ≼ η. If this inequal-

ity is strict, then f ∈ E≺η, proving f ∈ E≺η + Ka. Otherwise, we have the equal-
ity max(lm(s), lm(d)) = η. Let us remark the equality lm(s) = lm(d), for otherwise
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either lm(s) � lm(d) and f could be reduced using→1, or lm(s) ≺ lm(d) and f could be
reduced using→2. So η = lm(s) = lm(d). This monomial cannot be lm(f), for otherwise
f could be reduced using any of →1 and →2. Hence lm(f) ≺ η and lt(s) = − lt(d). We
decompose s and d as s = λmg + s′ and d = −λ∂iw + d′ with λ ∈ K, s′ ∈ S, d′ ∈ ∂W r

x ,
and max(lm(s′), lm(d′)) ≺ η. Let h denote mg−∂iw, which, by hypothesis, has a as a re-
duced form. This implies an equality of the form h = a+s′′+d′′ with s′′ ∈ S, d′′ ∈ ∂W r

x ,
and max(lm(s′′), lm(d′′)) ≺ η. We obtain f = s + d = λ(mg − ∂iw) + s′ + d′ = λa + b
with b = s′ + λs′′ + d′ + λd′′. Since both f and a are irreducible so is b, thus b ∈ E≺η,
proving that f is in E≺η +Ka.

The meaning of Theorem 37 is that the dimension of the filtration (E≼η)η is suscep-
tible to increase at η only if η ∈ lm(S) ∩ lm(∂W r

x). But this is not necessary as the
element a may well be in E≺η. The following lemma describes a sufficient condition for
this situation.
Lemma 38. Let η ∈ lm(S)∩ lm(∂W r

x). If there exist g ∈ G, m ∈Mx, and some i such
that η = lm(∂img), then

E≺η = E≼η.

Proof. By Theorem 37, the result reduces to proving that E≺η contains the reduced
form a of some h = ∂img − ∂jw with lm(h) ≺ η. We choose j = i and w = mg, so
that h = 0, which already is irreducible and in E≺η.

Corollary 39. Let η ∈ Mx,r. Let H be the set of monomials m ≼ η such that m ∈
lm(S) ∩ lm(∂W r

x) and m 6= lm(∂ipg) for any i ∈ {1, . . . , n}, g ∈ G, and p ∈ Mx.
For m ∈ H, let am ∈ W r

x be any reduced form of some xγg − lc(g)∂βxα+γej, where
g ∈ G, lm(g) = xα∂βej, and m = lm(xγg). Then

E≼η =
∑
m∈H

Kam. (3.7)

Proof. Note that for each m ∈ H, the corresponding β is nonzero. Indeed, by definition,
m ∈ lm(∂W r

x ) so there is some ∂i such that m = lm(∂im
′) for another monomial m′.

Moreover,m = lm(xγg), so lm(g) also contains ∂i. In particular, the term lc(g)∂βxα+γej
has the form ∂iw. Therefore, Theorem 37 applies and E≼m = E≺m + Kam. For a
monomial m not in H, either Theorem 37 or Lemma 38 shows that E≼m = E≺m. Then
the statement follows by well-founded induction on η.

To turn Corollary 39 into an algorithm, we introduce a finiteness property of the
monomial order ≼.
Hypothesis 40. For any two monomials γ and η of Mx,r, the set of α for which
xαγ ≼ η is finite.
This hypothesis is always satisfied by orders graded by total degree, because a mono-

mial η has a finite number of predecessors in Mx,r. It is also satisfied by orders elimi-
nating x, in the sense that

α′ −α ∈ Nn \ {0} ⇒ xα∂β
x ei ≺ xα′

∂β′
x ei′ , (3.8)
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3 An algorithm for the multivariate integration of holonomic functions

as long as the set of α for which xα ≼ xi is finite for each i ∈ {1, . . . , n}. For example,
this contains “elimination orders” [55] or “block orders” [11] that first order by total
degree in x, but not a lexicographical order that has x1 > x2 > ∂1 > ∂2.

Algorithm 2 Computation of E≼η

Input:
• a Gröbner basis G of S
• η ∈Mx,r

Output:
• a generating family of the K-vector space E≼η

1 G′ ← {g ∈ G | lm(g) involves some ∂i}
2 H ← {lm(xγg) | γ ∈ Nn, g ∈ G′, and lm(xγg) ≼ η} # finite by Hypothesis 40
3 H ← H \ {lm(∂img) | m ∈Mx, g ∈ G, 1 ≤ i ≤ n}
4 B ← ∅
5 for m ∈ H
6 pick g ∈ G′ and γ such that m = lm(xγg)
7 xα∂βei ← lm(g) # by construction β 6= 0
8 B ← B ∪

{[
xγg − lc(g)∂βxα+γei

]}
9 return B

Theorem 41. Under Hypothesis 40 Algorithm 2 is correct and terminates.

Proof. Termination is obvious since the set on line 2 is finite, by hypothesis. For the
correction, we observe that H computed in the algorithm is the same as the set H
described in Corollary 39.

Definition 42. Let Bη be an echelon form of the generating family returned by Algo-
rithm 2 on input η. We define a reduction [.]η from W r

x into itself by

[a]η = Reduce([a], Bη)

where [.] is the map defined by Algorithm 1 and Reduce(., Bη) is the reduction algorithm
by the echelon form Bη.

Proposition 43. The map [.]η is K-linear.

Proof. This follows from Proposition 36 and the K-linearity of Reduce(., Bη).

Theorem 44. For any a ∈ S + ∂W r
x there exists η ∈Mx,r such that for all η′ ≽ η, the

remainder [a]η′ is zero.

Proof. The element [a] is congruent to a modulo S + ∂W r
x , so it is in S + ∂W r

x , like a
itself. Moreover, it is irreducible, and so it is in E by the definition of E. Be-
cause of the equality E =

⋃
η∈Mx,r

E≼η, there exists η such that [a] ∈ E≼η and thus
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Reduce([a], Bη) = 0. For η′ ≽ η, the vector space SpanK(Bη) is included in SpanK(Bη′),
so [a]η′ = Reduce([a], Bη′) = Reduce(Reduce([a], Bη), Bη′) = Reduce(0, Bη′) = 0.

Definition 45. The normal form of an element a ∈W r
x modulo S+∂W r

x is the unique
element a′ ∈W r

x such that a ≡ a′ (mod S +∂W r
x) and no monomial of a′ is the leading

monomial of an element of S + ∂W r
x .

Corollary 46. For any a ∈ W r
x, there exists η ∈ Mx,r such that for all η′ ≽ η, the

remainder [a]η′ is the normal form of a modulo S + ∂W r
x.

Proof. Let a′ be the normal form of a. Let η such that [a−a′]η = 0, given by Theorem 44.
By definition, [.]η replaces monomials by smaller ones, but only if this is possible, so that
we have [a′]η = a′. By linearity of [.]η, we obtain [a]η = a′.

3.3.3 Confinement
“Computing” in the quotient M/∂M 'W r

x/(S +∂W r
x) can take on several forms, with

various levels of potency. In the strongest interpretation, we want to compute a basis of
the quotient, as a K-linear space, and we want to be able to compute normal forms inW r

x

modulo S+∂W r
x . In a weaker sense, we merely want to be able to capture the finiteness

of the quotient space, without ensuring the linear independence of a finite generating
set or even producing it explicitly. In view of our needs for integration algorithms in
the next sections, there is an even weaker sense: given a ∈ W r

x (which will designate a
function to be integrated) and a Wx-linear map from W r

x to itself (which will be related
to taking derivatives with respect to a parameter t ∈ K), we need to testify the finite-
dimensionality of the span over K of the orbit {Li(a) | i ∈ N} modulo S + ∂W r

x . In this
section, we show that the reductions [.]η can be used to find, for any a and L, a finite
set B that witnesses this finite-dimensionality.
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Algorithm 3 Computation of a confinement

Input:
• a module S ⊆W r

x given by a Gröbner basis
• a ∈W r

x

• a Wx-linear map L :W r
x →W r

x given by an r × r matrix
• ρ ∈ N

Output:
• an effective confinement for a and L modulo S + ∂W r

x

1 s← ρ
2 η ← the largest monomial of degree s
3 B ← ∅
4 Q← supp([a]η)
5 while Q \B 6= ∅
6 m← an element of Q \B
7 if degm > s− ρ
8 s← s+ 1
9 goto line 2

10 Q← Q ∪ supp([L(m)]η)
11 B ← B ∪ {m}
12 return (η,B)

Definition 47. An effective confinement for a ∈W r
x and aWx-linear map L :W r

x →W r
x

is a pair (η,B) consisting of a monomial η and of a finite subset B ⊆Mx,r, and satisfying:

1. the support of [a]η is included in B;

2. the support of [L(m)]η is included in B for any m ∈ B.

An effective confinement is free if the elements of B are K-linearly independent mod-
ulo S + ∂W r

x .

Theorem 48. Algorithm 3 is correct. It terminates if M/∂M is finite-dimensional, for
example if M is holonomic. Moreover, if the input parameter ρ is large enough, then
Algorithm 3 outputs a free effective confinement.

Proof. We first address correctness. Consider the sets B and Q after any iteration of the
while loop. By construction, we have B ⊆ Q, supp([a]η) ⊆ Q, and supp([L(m)]η) ⊆ Q
for any m ∈ B. If the halting condition Q \ B 6= ∅ of the while loop is reached, that
is, equivalently, if Q ⊆ B holds at the end of an iteration, then we have B = Q. In
conclusion, the returned value (η,B) is an effective confinement.

As for termination, let C ⊆ M r
x be the set of monomials that are normal forms

modulo S + ∂W r
x . As a consequence of Definition 45, the set of normal forms is the

vector space SpanK(C). Moreover, a basis of the quotient space M/∂M is formed by
the classes modulo S + ∂W r

x of all elements of C, so in particular, C is finite by the
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hypothesis of finite dimension. By Corollary 46, there is therefore some η∞ such that
for any η ≽ η∞,

supp([a]η) ⊆ C and ∀m ∈ C, supp([L(m)]η) ⊆ C. (3.9)

Since each iteration of the while loop treats a different monomialm, and since there are
finitely many monomials of degree at most s−ρ, the while loop terminates. It terminates
either because Q\B = ∅, in which case the algorithm terminates, or because Q contains
an element of degree larger that s−ρ, in which case we increase s. So, either the algorithm
terminates, or s tends to ∞.

Assume s → ∞. At some point, we will have s ≥ deg η∞, so after line 2 is executed,
we have the inequalities η ≽ η∞x

s−deg(η∞)
1 ≽ η∞, because η is the largest monomial of

degree s and by the definition of a monomial order. In these circumstances, the set Q is
a subset of C at every iteration of the main loop, because of (3.9), and so is B because
of the invariant B ⊆ Q. Since s → ∞, we also reach a point where ρ + degm ≤ s for
all m ∈ C. After this point, s is not increased anymore. This contradiction shows that
the algorithm terminates.
If the input ρ satisfies ρ ≥ deg η∞, we have s ≥ ρ ≥ deg η∞, and by the same

reasoning as in the previous paragraph, we have again η ≽ η∞. This is so during the
whole execution of the algorithm. Therefore, like in the preceding paragraph, we have
B ⊆ Q ⊆ C during the execution of the while loop. So, the output set B is a subset
of C, which is a free family modulo S + ∂W r

x .

3.3.4 Comparison with the Griffiths–Dwork reduction
Let f ∈ K[x] be a homogeneous polynomial and let M be the Wx-module K[x]ef , where
∂i acts by ∂i · ef = ∂f

∂xi
ef . When f defines a smooth variety, we can compute in M/∂M

using the Griffiths–Dwork reduction [60, 61, 71]. This is usually presented with rational
functions in K[x, f−1] but the exponential formulation is equivalent (for example, see
[57, 86]). The module M admits the presentation

M ' Wx∑
iWx(∂i − fi)

,

where fi denotes the partial derivative ∂f
∂xi

. (This presentation is what makes the expo-
nential formulation easier in our setting. A presentation of the holonomic Wx-module
K[x, f−1] is much harder to compute [102].)
We briefly present the Griffiths–Dwork reduction and observe that irreducible elements

for the Griffiths–Dwork reduction are exactly the irreducible elements for our reduction
→.

The Griffiths–Dwork reduction.
Let ≼0 be a monomial order on K[x], and, for this monomial ordering, let G0 be the
minimal Gröbner basis of the polynomial ideal I = (f1, . . . , fn). Given a homogeneous
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polynomial a ∈ K[x], we can compute the remainder r of the multivariate division of a
by G0 and the cofactors b1, . . . , bn ∈ K[x] such that

a = r +

n∑
i=1

bifi. (3.10)

By homogeneity, deg bi = deg a − deg f + 1 (unless bi = 0). Then, the rule for the
derivative of a product yields

aef = ref −
n∑

i=1

∂bi
∂xi︸ ︷︷ ︸

degree deg a− deg f

ef +
n∑

i=1

∂i ·
(
bie

f
)

︸ ︷︷ ︸
∈∂M

. (3.11)

The last term is in ∂M , so we ignore it, and the second term has lower degree than a,
so we can apply the same procedure recursively, which will terminate by induction on
the degree. In the end, we obtain a reduced form aef ≡ ref (mod ∂M) where r ∈ K[x]
is irreducible with respect to G0. These are the irreducible elements for the Griffiths–
Dwork reduction.
This reduction is defined for any homogeneous polynomial f , but it enjoys special

properties when f1, . . . , fn do not have any non-trivial common zero in an algebraic
closure of K. Geometrically, this means that f defines a smooth hypersurface in Pn−1(K).
Griffiths [71] proved, under this smoothness assumption, that the reduced form of any aef
vanishes if and only if aef ∈ ∂M .

Comparison with the reduction →.
We consider the reduction rule→ applied to the left ideal S ofWx generated by ∂i−fi, so
that K[x]ef 'Wx/S (Section 3.3.1). Let ≼ be a monomial order onWx that eliminates x
(see (3.8)) and agrees with ≼0 on K[x]. By following the steps of Buchberger’s algorithm,
we observe that there is a Gröbner basis G of S in which each element is:

1. either an element of the form r −
∑n

i=1 bi∂i, with r ∈ G0, bi ∈ K[x] of degree
deg(r)− deg(fi), and r =

∑
i bifi,

2. or an element of Wx∂1 + · · ·+Wx∂n.

We will call such elements respectively of the first kind and of the second kind.
We now characterize irreducible elements in Wx with respect to →. Let a ∈ Wx be

an irreducible element. Since a cannot be reduced with →2, it contains no ∂i, so it is a
polynomial. Since a cannot be reduced with →1, no monomial in a is divisible by the
leading term of an element of G. By considering the elements of the first kind, we see
that the monomials of a are not divisible by the leading monomial of any element of G0.
So a is irreducible with respect to G0. The converse also holds: if a ∈ K[x] is irreducible
with respect to G0, then a is irreducible in Wx with respect to S. In this sense, we can
regard Algorithm 1 as a generalization of the Griffiths–Dwork reduction.
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As we observed, this reduction is not enough to compute in M/∂M , since there may
be nonzero irreducible elements in S + ∂Wx. In the case of rational functions, Lairez
[86] gave an algorithm to compute them efficiently. The algorithm that we have given
in Section 3.3.2 behaves differently. In short, the algorithm in [86] would only consider
elements of the second kind with degree 1 in the ∂i, whereas we consider all elements
of the second kind. On the one hand, this seems to give more reduction power, on the
other hand the cost of computing them is higher. This indicates room for improvement
in future work.

3.4 Creative Telescoping by Reduction
In the previous section, we obtained an algorithm for normalizing modulo derivatives in
a holonomic Wx-module. In this section, we introduce a parameter t and differentiation
with respect to t. It would be natural to work with a holonomic Wt,x-module, but in
view of the previous section, we need a finitely presented module over a Weyl algebra in
the derivatives with respect to x only. This motivates the following context.
We consider the Weyl algebra Wx(t) = K(t)⊗KWx (which is just a Weyl algebra over

the field K(t)), and a holonomic Wx(t)-module M with a compatible derivation ∂t, that
is, a K-linear map ∂t :M →M such that for any a ∈Wx(t) and any m ∈M ,

∂t · am = ∂a
∂tm+ a∂t ·m,

where ∂a
∂t is the coefficient-wise differentiation in Wx(t). In other words, M is a Wt,x(t)-

module that is holonomic as a Wx(t)-module.
It is also convenient to fix a finite presentation Wx(t)

r/S of M and assume that there
is a Wx(t)-linear map L :Wx(t)

r →Wx(t)
r such that for any a ∈Wx(t)

r,

∂t · prS(a) = prS
(
∂a
∂t + L(a)

)
, (3.12)

where prS is the canonical map Wx(t)
r → M . In particular, note that S is stable

under ∂
∂t + L. From the algorithmic point of view, we represent M by its finite presen-

tation and the derivation ∂t by the r× r matrix of the endomorphism L. We explain in
Section 3.4.3 how to obtain this setting from a holonomic Wt,x-module.
Using the algorithm of the previous section, we aim at describing an algorithm that

performs integration with respect to x1, . . . , xn, in the following sense. Given f ∈ M ,
we want to compute a nonzero operator P (t, ∂t) ∈Wt(t) such that

P (t, ∂t) · f ∈ ∂M (3.13)

with the motivation that P (t, ∂t) is then an annihilating operator of the integral of f
with respect to x1, . . . , xn. The principle of integration by reduction is described in
Section 3.4.1 and an algorithm is presented in Section 3.4.2.
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3.4.1 Integration by reduction
We utilize the family of reductions [.]η defined in Section 3.3.2. Let f be an element
of Wx(t)

r, let η be some monomial in Mx,r and let (gi)i≥0 be the sequence in Wx(t)
r

defined by
g0 = [f ]η and gi+1 =

∂gi
∂t + [L(gi)]η for all i ≥ 0. (3.14)

As usual with integration-by-reduction algorithms, we relate the dependency relations
between the reduced forms gi to the operators P ∈ Wt(t) such that P · prS(f) ∈ ∂M ,
which, as is traditional, we call telescopers for f .
Lemma 49. For any i ≥ 0,

prS(gi) ≡ ∂it · prS(f) (mod ∂M). (3.15)

Proof. For i = 0, this means that [f ]η ≡ f (mod S+∂Wx(t)
r), which holds by construc-

tion of [.]η. By property of [.]η, again, there is some si ∈ S and some ∆i =
∑

j ∂jai,j ∈
∂Wx(t)

r such that
[L(gi)]η = L(gi) + si +∆i.

Therefore, using the Wx(t)-linearity of prS and prS(si) = 0, we obtain

prS(gi+1) = prS

(
∂gi
∂t + L(gi)

)
+ prS(∆i)

= ∂t · prS(gi) +
∑
j

∂j prS(ai,j), using (3.12),

≡ ∂t · prS(gi) (mod ∂M).

The claim follows by induction on i, using that ∂t · ∂M ⊂ ∂M , since ∂t commutes
with ∂.

Lemma 50. Let P =
∑N

i=0 ci∂
i
t ∈Wt(t).

1. If c0g0 + · · ·+ cNgN = 0, then P · prS(f) ∈ ∂M .

2. If P · prS(f) ∈ ∂M , then c0g0 + · · ·+ cNgN ∈ S + ∂Wx(t)
r.

3. If η is large enough and if P · prS(f) ∈ ∂M , then c0g0 + · · · + cNgN = 0. (Note
that “large enough” depends on f and P .)

Proof. The first assertion follows directly from Lemma 49. Conversely, assume that P ·
prS(f) ∈ ∂M . This implies, again by Lemma 49, that

N∑
i=0

cigi ∈ S + ∂Wx(t)
r,

proving the second assertion. Now, we observe that, if in addition η is large enough,
the gi are normal forms modulo S + ∂Wx(t)

r. Indeed, by Corollary 46, the [L(gi)]η are
normal forms; and since being a normal form is a condition on the monomial support, it
is stable under coefficient-wise differentiation, so the ∂gi

∂t are normal forms, by induction
on i. So the linear combination

∑
i cigi is also a normal form modulo S+∂Wx(t)

r. This
implies

∑
i cigi = 0.
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3.4.2 An algorithm for integrating by reduction
To turn Lemma 50 into an algorithm to compute a telescoper, it only remains to find a
suitable η. We use the idea of confinement (Section 3.3.3). Using Algorithm 3, we can
compute an effective confinement for f and L. Recall that this is a monomial η and a
finite set B of monomials in Mx,r such that supp([f ]η) ⊆ B and supp([L(b)]η) ⊆ B for
all b ∈ B. The following statement explains that reduced forms of successive derivatives
with respect to t therefore lie in the finite-dimensional vector-space SpanK(t)(B).

Lemma 51. Let (η,B) be an effective confinement for f and L. Let (gi)i≥0 be the
sequence defined by (3.14). Then, for all i ≥ 0, gi ∈ SpanK(t)(B).

Proof. By definition of an effective confinement, [f ]η ∈ SpanK(t)(B), and the space
SpanK(t)(B) is stable under [L(.)]η. Moreover, SpanK(t)(B) is stable under ∂

∂t . So the
claim follows from the definition of gi.

Algorithm 3 and Lemma 51 combine into Algorithm 4, whose main properties are
provided in the following theorem.

Algorithm 4 Integration using reductions

Input:
• a holonomic module Wx(t)

r/S
• a derivation map ∂t : Wx(t)

r/S → Wx(t)
r/S given by the matrix of an endomor-

phism L, as in (3.12).
• an element f ∈Wx(t)

r

• an integer ρ ≥ 0

Output:
• P = c0 + · · ·+ cN∂

N
t such that ci ∈ K(t), cN 6= 0 and P · prS(f) ∈ ∂M

1 (η,B)← an effective confinement obtained from (S, f, L, ρ) by Algorithm 3
2 g0 ← [f ]η
3 N ← 0
4 while g0, . . . , gN are linearly independent over k(t)
5 gN+1 ← ∂g

∂t + [L(g)]η
6 N ← N + 1
7 return c0 + · · ·+ cN∂

N
t s.t. c0g0 + · · ·+ cNgN = 0, ci ∈ K(t) and cN 6= 0.

Theorem 52. Algorithm 4 is correct and terminates. Moreover, if ρ is large enough,
then it outputs a minimal telescoper for the input.

Proof. Correctness follows from Lemma 50. As to termination, it follows from Lemma 51:
because the set B is finite, the infinite family of elements g0, g1, . . . is linearly dependent,
so the main loop terminates for some N less than or equal to the cardinality of B.
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As for the minimality, it is clear that the algorithm outputs a non-trivial relation c0g0+
· · ·+ cNgN = 0 with minimal possible N among those available for the sequence (gi)i≥0.
Besides, consider any telescoper P = c0 + . . .+ cΩ∂

Ω
t . By point 2 of Lemma 50, we have

c0g0 + · · ·+ cΩgΩ ∈ S + ∂Wx(t)
r. (3.16)

Assume that ρ is large enough, in the sense of Theorem 48, so that the confinement is
free, meaning that the elements of B are independent modulo S + ∂W r

x . The linear
combination in (3.16) is a linear combination of elements of B, so it must be zero:
c0g0 + · · · + cΩgΩ = 0. So Algorithm 4 will output a relation for an N that is at most
the minimal order of telescopers.

Remark 53. Algorithm 4 can be modified to compute a system of linear differential
equations satisfied by an integral depending on multiple parameters t1, . . . , tp. These
parameters can also be associated to other Ore operators [45] than the differentiation
provided they define a map on W r

x(t1, . . . , tp).

3.4.3 Scalar extension
Let P be a holonomic Wt,x-module and let M = K(t) ⊗K[t] P . This space M is a
Wx(t)-module in a natural way. Moreover, we can define a derivation ∂t by

∂t · (a⊗m) = ∂a
∂t ⊗m+ a⊗ (∂t ·m).

This derivation commutes with the action of the ∂i.
In this section, we aim to compute M from P , so that we can apply the integration

algorithm (Section 3.4.2). Let us first make explicit what we mean. We assume that
P is given by a finite presentation, that is, P = W s

t,x/J for some s ≥ 0 and some
submodule J ⊆W s

t,x given by a finite set of generators. ComputingM means computing
a finite presentation M 'Wx(t)

r/S, and a Wx(t)-linear map L :Wx(t)
r →Wx(t)

r such
that (3.12) holds.

It is not obvious that such a finite presentation exists because M does not have any
obvious finite set of generators. However, this existence is implied by the holonomy
of M . Here, we give a proof based on restriction of D-modules.

Lemma 54. If P is a Wt,x-holonomic module, then M = K(t) ⊗K[t] P is a Wx(t)-
holonomic module.

The statement is similar in nature to the well-known statement that “holonomic im-
plies D-finite”.

Proof. Let ξ be a new variable. Consider the field L = K(ξ). Introduce the (1 + n)th
Weyl algebra with coefficients in L, which we denoteWt,x(ξ). Consider as well theWt,x(ξ)-
module P ′ = L ⊗K P . This scalar extension of the base field this preserves holonomy.
So P ′ is holonomic. Consider now the embedding map F : Ln → L1+n defined by

(x1, . . . , xn) 7→ (ξ, x1, . . . , xn),
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and the inverse image F ∗P ′, that is, the restriction of P ′ at t = ξ. We just need to know
that F ∗P ′ is:

• a Wx(ξ)-module, which is by [54, construction of §14.1 and §14.2],

• holonomic as a Wx(ξ)-module, which is by [54, Theorem 18.1.4],

• isomorphic to P ′/(t − ξ)P ′, which is obtained as a suitable variant of [54, §15.1],
by making Y = t in that reference before specializing at ξ instead of 0.

In particular, we have

F ∗P ′ ' P ′/(t− ξ)P ′ ' L[t]/(t− ξ)⊗L[t] P
′.

Next, we check that

P ′ = L⊗K P, by definition
' L⊗K (K[t]⊗K[t] P ), because P is a K[t] module
' L[t]⊗K[t] P, by associativity of ⊗,

and therefore, using associativity of ⊗ again,

F ∗P ′ ' L[t]/(t− ξ)⊗K[t] P.

Finally, we observe the isomorphism K(t) ' L[t]/(t − ξ) as K[t]-algebras under the
map f(t) 7→ f(ξ), so we obtain F ∗P ′ ' K(t)⊗K[t]P =M , by definition ofM . Since F ∗P ′
is holonomic, this gives the claim.

We now describe an algorithm for computing M . Recall that P = W s
t,x/J , so M '

Wt,x(t)
s/J(t) where J(t) is the submodule K(t) ⊗K[t] J of Wt,x(t)

s generated by J .
We can compute normal forms in M using Gröbner bases in Wt,x(t)

s after fixing a
monomial order on all monomials xα∂β∂kt ei [e.g., 45]. We choose a monomial order that
eliminates ∂t, that is, any monomial order such that

k < k′ ⇒ xα∂β
x ∂

k
t ei ≺ xα′

∂β′
x ∂

k′
t ei′ .

Let G denote a Gröbner basis of J(t) for such an elimination order.
As a Wx(t)-module, Wt,x(t)

s is generated by the set{
∂itej

∣∣ i ≥ 0, 1 ≤ j ≤ s
}
.

So M is generated by the image of this set. This is an infinite family, but, since M is
Wx(t)-holonomic, M is actually a Noetherian Wx(t)-module, finitely generated in par-
ticular. To describe M , we need to find an explicit finite generating set and the module
of relations between the generators.

For a ∈ Wt,x(t)
s, let ind(a) denote the degree of a with respect to ∂t, which we will

call the index of a. In other words, this is the smallest integer k ≥ 0 such that a is in
the sub-Wx(t)-module generated by

Bk =
{
∂itej

∣∣ 0 ≤ i ≤ k, 1 ≤ j ≤ s} .
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Moreover, for a ∈Wt,x(t)
s, let indJ(t)(a) denote

indJ(t)(a) = min {ind(b) | b ∈Wt,x(t)
s and a ≡ b (mod J(t))} . (3.17)

Given a, we can compute indJ(t)(a) using the Gröbner basis G:

indJ(t)(a) = ind (LRem(a,G)) .

Indeed: we have a ≡ LRem(b,G) if a ≡ b (mod J(t)) and the elimination property
shows ind (LRem(b,G)) ≤ ind(b), so that ind(b) can be replaced with ind(LRem(b,G))
in (3.17); then the Gröbner basis property shows LRem(a,G) = LRem(b,G) if a ≡ b
(mod J(t)).

Lemma 55. There is ℓ ≥ 0 such that indJ(t)(∂
ℓ+1
t ei) ≤ ℓ for any 1 ≤ i ≤ s. Moreover,

for any such ℓ:

1. M is generated as a Wx(t)-module by the image of Bℓ in it,

2. indJ(t)(a) ≤ ℓ for any a ∈Wt,x(t)
s.

Proof. Since M is Noetherian, the increasing sequence of the Wx(t)-modules Sk gen-
erated by the images of the Bk in M is stationary: there exists ℓ ≥ 0 for which the
Wx(t)-module Sℓ contains all the Sk for k ≥ 0, and is therefore equal to M . For such an
integer ℓ, any k > ℓ, and any j, the image of ∂kt ej in M is in Sk, therefore in Sℓ = M .
Consequently, there exist coefficients ch,i ∈Wx(t) satisfying

∂kt ej ≡
∑

h≤ℓ, i
ch,i∂

h
t ei (mod J(t)).

By the definition (3.17), indJ(t)(∂kt ej) is less than or equal to the index of the right-hand
side, which by construction is less than or equal to ℓ. We obtain that ℓ is a uniform
bound on all indJ(t)(∂kt ej). This proves in particular the first part of the statement, on
the existence of ℓ. For the second part, we fix such an ℓ. We have already provedM = Sℓ,
which is the first itemized statement. We have also already proved, for any k > ℓ and
any j, the existence of some rk,j of index at most ℓ such that ∂kt ej ≡ rk,j (mod J(t)).
This also holds by the definition of the index for k ≤ ℓ. Now, any a ∈ W s

t,x writes
in the form

∑
k,j ck,j∂

k
t ej for coefficients ck,j ∈ Wx(t). Taking linear combinations of

congruences modulo the Wx(t)-module J(t), we obtain a ≡
∑

k,j ck,jrk,j (mod J(t)),
and as a consequence,

indJ(t)(a) ≤ ind

(∑
k,j

ck,jrk,j

)
≤ ℓ,

where the first inequality is by (3.17) and the second by the definition of the index as a
degree. We have proved the second itemized statement.

An algorithm for computing the smallest ℓ as in the statement above follows directly
from (3.17), simply by testing increasing values of ℓ.
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Now that we have a finite generating set forM , it remains to characterize the relations
between the generators. To this end, for the rest of the section we fix ℓ as provided by
Lemma 55 and we let Jℓ be the sub-Wx(t)-module of Wt,x(t)

s generated by{
∂kt g

∣∣∣ g ∈ G and k + ind(g) ≤ ℓ
}
.

It is, by construction, a submodule of Wx(t)Bℓ.

Lemma 56. The inclusion Wx(t)Bℓ →Wt,x(t)
s induces an isomorphism

M ' Wx(t)Bℓ

Jℓ
,

with inverse induced by the map Wt,x(t)
s →Wx(t)Bℓ given by a 7→ LRem(a,G).

Proof. First, Jℓ ⊆ J(t), so the inclusion Wx(t)Bℓ → Wt,x(t)
s induces a morphism

of Wx(t)-modules
ϕ :Wx(t)Bℓ/Jℓ →Wt,x(t)

s/J(t).

Next, the K(t)-linear map a ∈ Wt,x(t)
s 7→ LRem(a,G) has values in Wx(t)Bℓ, because

ind(LRem(a,G)) = indJ(t)(a) ≤ ℓ, by Lemma 55. This map vanishes on J(t), because G
is a Gröbner basis of J(t), so it induces a K(t)-linear map

ψ :Wt,x(t)
s/J(t)→Wx(t)Bℓ/Jℓ.

The maps ϕ ◦ ψ and ψ ◦ ϕ are both induced by a 7→ LRem(a,G). The first is the
identity on Wt,x(t)

s/J(t) because for all a ∈ W s
t,x, a ≡ LRem(a,G) (mod J(t)) as a

property of the Gröbner basis G. The second is the identity on Wx(t)Bℓ/Jℓ because
of the elimination property: the computation of LRem(a,G) only involves multiples
of G of index at most ind(a), which are all in Jℓ, so that for all a of index at most ℓ,
a ≡ LRem(a,G) (mod Jℓ). This shows that ϕ is an isomorphism.

At this point we are able to define the wanted dimension r and module S. In view
of Lemma 56, set r to (ℓ + 1)s, so as to have a trivial isomorphism Wx(t)Bℓ ' Wx(t)

r.
Call S the image of the submodule Jℓ of Wx(t)Bℓ under this isomorphism, so that,
summarizing,

W s
t,x

J(t)
'M ' Wx(t)Bℓ

Jℓ
' Wx(t)

r

S
.

It remains to describe an endomorphism L of Wx(t)
r such that

∂t · prS(a) = prS
(
∂a
∂t + L(a)

)
,

for any a ∈ Wx(t)
r. Introduce the canonical maps prJ(t) and prS to the relevant quo-

tients. Recall that ∂t is defined for any h in Wt,x(t)
s/J(t) by left-multiplication by ∂t:

∂t · prJ(t)(h) = prJ(t)(∂th).
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Therefore, the isomorphism of Lemma 56 transfers ∂t on Wx(t)Bℓ/Jℓ as

∂t · prJℓ(a) = prJℓ (LRem(∂ta,G)) . (3.18)

Lastly, take a ∈ Wx(t)Bℓ and write it a =
∑n

i=1 aiei. The Leibniz rule in W s
t,x gives

∂ta = ∂a
∂t +

∑n
i=1 ai∂tei. By linearity of LRem and since Wx(t)Bℓ is stable under the

coefficient-wise differentiation ∂
∂t , we obtain

LRem(∂ta,G) = LRem(∂a∂t , G) + LRem

( n∑
i=1

ai∂tei, G

)

= ∂a
∂t + LRem

( n∑
i=1

ai∂tei, G

)
+ h

for some h ∈ Jℓ, then, upon applying prJℓ and combining with (3.18),

∂t · prJℓ(a) = prJℓ

(
∂a
∂t + LRem

( n∑
i=1

ai∂tei, G

))
.

So, the endomorphism L we want is obtained by transferring the endomorphism
n∑

i=1

aiei 7→ LRem

( n∑
i=1

ai∂tei, G

)
of Wx(t)Bℓ to an endomorphism of Wx(t)

r.

3.5 Implementation
This section outlines specific algorithmic and implementation choices made in our Julia
implementation of the algorithms presented in this paper. We begin in Section 3.5.1 with
a general presentation of our package. In Section 3.5.2 we present two ideas based on
memoization and on the use of a tracer to efficiently compute the image of the reduction
map [.]η on a finite-dimensional space. Lastly, we present in Section 3.5.3 a modified
version of Algorithm 4 that utilizes the evaluation/interpolation paradigm to avoid the
growth of intermediate coefficients. This is of particular importance when reducing
operators with coefficients in K(t) using the reduction [.]η.

3.5.1 General comments
The algorithm described in Algorithm 5 has been implemented in the Julia package
MultivariateCreativeTelescoping.jl1. The package includes an implementation of
Weyl algebras in which operators have a sparse representation by a pair of vectors, one

1See https://hbrochet.github.io/MultivariateCreativeTelescoping.jl/.
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for exponents and one for the corresponding coefficients. The currently supported coef-
ficient fields are the field Q of rational numbers, the finite fields Fp with p ≤ 231, and
extensions of those fields with symbolic parameters. When such parameters are present,
the implementation interfaces with FLINT for defining and manipulating commuta-
tive polynomials, by means of the Julia packages AbstractAlgebra.jl and Nemo.jl.
Our package also provides an implementation of non-commutative generalizations of
algorithms for computing Gröbner bases: Buchberger’s algorithm (see e.g. [5]), the F4
algorithm [5], and the F5 algorithm [126, 87]. The F4 implementation seems to be the
most efficient one for grevlex orders while the F5 implementation seems to be the most
efficient one for block and lexicographical orders.

3.5.2 Efficient computation of the reduction map [.]η on a finite-dimensional
vector space

We first explain how to compute efficiently the sequence (gi)i≥0 that is contained in a
finite-dimensional vector space obtained by an effective confinement. We next discuss
the use of a tracer to compute the vector space E≼η. We finally provide comments on
the dimension of E≼η for various examples.

Computation of the sequence (gi)i using memoization.
The confinement (η,B) required by Algorithm 4 is constructed so that the sequence (gi)i
defined in (3.14) is contained in SpanK(t)(B). Properties of the reduction [.]η imply a
refined formula: after decomposing gi as a sum

∑
m∈B amm with am ∈ K(t), gi+1 can

be obtained by
gi+1 =

∑
m∈B

(
∂ai
∂t
m+ am[L(m)]η

)
. (3.19)

Early in the execution of Algorithm 4, when it computes the confinement (η,B) by Algo-
rithm 3, the image [L(m)]η of every monomial m ∈ B has to be computed. We therefore
choose to store these images in memory to allow for a more efficient computation of the
sequence (gi)i by using (3.19) at a later stage.

The vector space E≼η.
In Algorithm 2, a generating set of the vector space E≼η is computed by reducing for
each η′ ≼ η a term of the form mg − ∂iw satisfying η′ = lm(mg) = lm(∂iw). However,
not all such terms contribute to an increase in the dimension of the space, as their re-
ductions may be linearly dependent. Since such reductions are repeated multiple times
for different primes p and evaluation points of t (see the next subsection), we use a
tracer [132] during the computation for the first pair (p, t) to record all η′ corresponding
to a non-contributing term and skip the corresponding terms in subsequent computa-
tions. Assuming that the first pair (p, t) is not unlucky, we know that all the skipped
pairs would also lead to unnecessary elements if used in later computations.
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Dimension of the vector space E≼η.
By the finite dimensionality of M/∂M , only finitely many monomials of Mx,r are irre-
ducible modulo S + ∂W r

x . As a consequence, every monomial m ∈ Mx,r except for the
finitely many irreducible ones is either reducible by G or by an echelon form of E≼η for
some η. If an infinite number of monomials is not reducible by G, as in Example 34, the
dimension of E≼η will tend to infinity when η increases indefinitely, making the com-
putation of E≼η increasingly expensive. As a consequence, the computational cost of
Algorithm 2 depends on the structure of the staircase formed by the leading monomials
of G. We present two extreme scenarios: in one, E≼η is equal to {0} for any η and in the
other, no monomial of K[x] is reducible by G. Naturally, intermediate cases also exist.
Example 57. Let S be the left ideal of Wx(t) generated by the Gröbner basis

(t− 1)x1 − t∂1, x2 − t.

Up to renaming variables, this is the left ideal used for the computation of the generating
series of 2-regular graphs in Section 3.6. Every operator in this Gröbner basis has its
leading monomial in K[x], therefore Theorem 37 implies that E≼η is {0} for any η. In
this very special case we obtain that the reduction [.] computes normal forms. That is,
[a] = 0 if and only if a ∈ S + ∂W r

x . We observed the same phenomenon with the ideals
S defined in Theorem 60 for k-regular graphs up to k = 8.
Example 58. Let f(x, t) = 1 − (1 − x1x2)x3 − tx1x2x3(1 − x1)(1 − x2)(1 − x3) and set
the context for n = 3. The integral of 1/f is related to the generating function of Apéry
numbers [14]. We were able to compute, by a method that we do not describe here, a
Gröbner basis for the grevlex order of a Wx(t)-ideal S included in ann(1/f) such that
Wx(t)/S is holonomic. This Gröbner basis contains 26 operators but all of their leading
monomials contain a ∂i. Hence, no monomial of K[x] is reducible by the Gröbner basis
of S. We observed the same phenomenon for every rational function that we tried.
Lastly, we present the simplest example on which our reduction [.]η is inefficient.

Example 59. We continue Example 34, in which we set S to Wx1∂1 and ≼ to the lex-
icographic order ∂1 ≼ x1. We remarked that E ⊂ K[x1], and reciprocally the equality
(i+ 1)xi1 = ∂1x

i+1
1 − xi+1

1 ∂1 proves that K[x1] ⊂ E. The reduction [.] does not see that
elements of K[x1] are reducible by S+∂Wx1 and Algorithm 2 ends up calculating a basis
of K[x1]≼η.

3.5.3 Modular methods and evaluation/interpolation
In this subsection, we fix K = Q. We first recall the principle of the evaluation and inter-
polation paradigm, then we present a modified version of Algorithm 4 that incorporates
this paradigm.

The principle.
Let r1, . . . , rℓ ∈ Q(t) be rational functions and let F : Q(t)ℓ → Q(t) be a func-
tion computable using only additions, multiplications, and inversions. The rational
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function F (r1, . . . , rℓ) can be reconstructed as an element of Q(t) from its evaluations
F (r1(ai), . . . , rℓ(ai)) mod pj at several points ai ∈ Fpj and for several prime integers pj
in three steps:

1. for each j, reconstruct F (r1, . . . , rℓ) mod pj in Fpj (t) by Cauchy interpolation [140,
Chapter 5.8],

2. reconstruct F (r1, . . . , rℓ) mod N in FN (t) where N =
∏

j pj by the Chinese re-
mainder theorem [140, Chapter 5.4],

3. lift the integer coefficients of F (r1, . . . , rℓ) mod N in Q by rational reconstruc-
tion [140, Chapter 5.10].

The first (resp. third) step requires a bound on the degree in t of the result (resp. on
the size of its coefficients) to determine the number of evaluations needed to ensure cor-
rectness. Since we do not have access to such bounds, we rely instead on a probabilistic
approach: after successfully obtaining a result with a certain number of evaluations in
step 1 (resp. 3), we compute one additional evaluation and check consistency with the
previously obtained result.
Finally, this method can fail if some bad evaluation points or some bad primes are cho-

sen. However, these situations are very rare, provided the prime numbers are sufficiently
large and the evaluation points are selected uniformly at random over Fp.

Implementation.
The evaluation/interpolation scheme described above cannot be directly applied to Al-
gorithm 4 as it involves not only additions, multiplications and inversions, but also dif-
ferentiations. Indeed, recall that the sequence (gi)i is defined for η ∈ Mx,r by g0 = [f ]η
and

gi+1 =
∂gi
∂t

+ [L(gi)]η

where ∂g/∂t denotes the coefficient-wise differentiation of g in the basis Mx,r. This
differentiation does not commute with the evaluation of t, which prevents the sequence
(gi)i from being computed by evaluation/interpolation.
Algorithm 5 computes the matrix of the K(t)-linear map [L(.)]η using evaluation/inter-

polation, and uses it to find a linear relation among the elements of the sequence (gi)i.
The reconstruction of the coefficients from Fp(t) to Q(t) is delayed to the end of the
algorithm. We adopt the following conventions: the projection of an element g ∈Wx(t)

r

in Fp ⊗Z W
r
x by evaluation at a point a and reduction modulo p is stored in a variable

g̃ and its projection in Fp ⊗Z W
r
x(t) by reduction modulo p is stored in a variable ḡ.

61



3 An algorithm for the multivariate integration of holonomic functions

Algorithm 5 Integration with evaluation/interpolation

Input:
• a holonomic module Wx(t)

r/S
• a derivation map ∂t : Wx(t)

r/S → Wx(t)
r/S given by the matrix of an endomorphism L, as

in (3.12)
• an element f ∈Wx(t)

r

• an integer ρ ≥ 0

Output:
• P = c0 + · · ·+ cN∂

N
t such that ci ∈ Q(t), cN 6= 0 and P · prS(f) ∈ ∂M

1 for large random prime numbers p = p1, p2, . . .
2 L̄← the endomorphism of Fp ⊗Z W

r
x(t) induced by L via the reduction modulo p

3 for random numbers a = a1, a2, . . . in Fp

4 S̃ ← image of S under evaluation at t = a and reduction modulo p
5 L̃← the endomorphism of Fp ⊗Z W

r
x induced by L̄ via the same evaluation

6 (η,B)← an effective confinement obtained from (S̃, f̃ , L̃, ρ) by Algorithm 3 over K = Fp

7 g̃0 ← [f̃ ]η where the reduction is over K = Fp

8 store g̃0 as well as the images [L̃(m)]η that have been computed at line 6 for all m ∈ B
9 interpolate the coefficients of ḡ0 and of each [L̄(m)]η by elements of Fp(t)

10 N ← 0
11 while ḡ0, . . . , ḡN are linearly independent over Fp(t)

12 ḡN+1 ← ∂ḡN
∂t +

[
L̄(ḡN )

]
η
where the reduction is over K = Fp(t)

13 N ← N + 1
14 store coefficients of the minimal non-trivial relation c̄0ḡ0 + · · ·+ c̄N ḡN = 0 for c̄i ∈ Fp(t)
15 reconstruct the coefficients c0, . . . , cN in Q(t) from their values in the Fpj (t)
16 return c0 + · · ·+ cN∂

N
t

3.6 Application to the computation of ODEs satisfied by
k-regular graphs

In this section, we illustrate our new algorithm with computations on a family of multi-
variate integrals of combinatorial origin. We compute linear ODEs satisfied by various
models of k-regular graphs and generalizations. A distinguishing feature of these integra-
tion problems is that they cannot be solved by classical creative telescoping algorithms,
which perform computations over the field of rational functions in all variables: because
the objects to be integrated have polynomial torsion, they are not functions, and such
calculations would erroneously result in a zero integral.

ODEs for k ≤ 5 were obtained 20 years ago by naive linear algebra and elimination
by Euclidean divisions [51]. This has recently been extended to k ≤ 7 by a multivari-
ate analog of the reduction-based algorithm [20] in which the reduction is modulo the
polynomial image of several differential operators. Here we use our new algorithm to
achieve k = 8.
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3.6.1 Statement of the integration problem
We first briefly introduce the problem and its solution by an integral representation.
We refer the reader to [51] for further motivation, history, and details. Given a fixed
integer k ≥ 2, a k-regular graph is a graph whose vertices all have degree k, that is, all
have exactly k neighbors. We are interested in the enumerative generating function

Rk(t) =
∑
n≥0

rk,n
tn

n!
,

where rk,n is the number of k-regular labeled graphs on n vertices. It is well known that
the generating function Rk(t) satisfies a linear ODE with polynomial coefficients in t.

In this section, we show how such a differential equation can be obtained from Algo-
rithm 4. To this end, we use the classical formulation of Rk(t) as a scalar product of
two exponentials,

Rk(t) = 〈ef , etg〉,

where f and g are explicit polynomials in indeterminate p1, . . . , pk [50, Algorithm 1,
Step a.], and where the scalar product is a classic tool in the combinatorics of symmetric
functions. The scalar product is first defined on monomials by

〈pr11 · · · p
rk
k , p

s1
1 · · · p

sk
k 〉 = zrδr,s for zr = r1! 1

r1r2! 2
r2 · · · rk! krk . (3.20)

With zr indexed by exponents in Nk, we depart from the equivalent indexing zλ by
partitions λ1 ≥ λ2 ≥ . . . that is used classically as well as in [50]. The scalar product is
then extended by bilinearity to left arguments in Q[[p]] and right arguments in Q[p]((t)),
making the scalar product live in Q((t)). Note that, because in the symmetric-function
theory the power function pi denotes the sum xi1+x

i
2+ · · · , we use the more traditional p

instead of x for the variables, in accordance with existing literature. Also, by Q[p]((t))
we mean the ring of formal sums with coefficients in Q[p], with finitely many exponents
towards −∞ and potentially infinitely many towards +∞. This is not a field. The use
of Algorithm 4 is justified by the following statement.

Theorem 60. Let f, g ∈ Q[p]. Let S be the left ideal of Wp(t) generated by

pi − t
∂g

∂pi
(u1, . . . , uk),

for 1 ≤ i ≤ k, where ui = i
( ∂f
∂pi
− ∂i

)
. Then, Wp(t)/S is holonomic as a Wp(t)-module.

Write prS for the canonical projection prS : Wp(t) → Wp(t)/S. Then, Wp(t)/S can be
endowed with a derivation ∂t commuting with p and ∂p satisfying

∂t · prS(a) = prS
(
∂a
∂t + ag(u1, . . . , uk)

)
. (3.21)

On input the module Wp(t)/S (for r = 1), the derivation (3.21) (for the implied endo-
morphism L : a 7→ ag(u)), the element f = 1 ∈ Wp(t), and any ρ ≥ 0, Algorithm 4
outputs a nonzero differential operator P (t, ∂t) such that

P (t, ∂t) · 〈ef , etg〉 = 0.
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The rest of the section is a proof of this statement. In particular, we fix the ideal S
as in theorem, and the holonomy of Wp(t)/S will be proven as Lemma 64, the existence
of the derivation ∂t will be proven as Lemma 62, and the correctness Theorem 52 will
prove the final result on the operator P .
We begin with a few preliminary definitions. First, given h = h(p1, . . . , pk) ∈ Q[p],

we write h̃ for h(1p1, 2p2, . . . , kpk). Second, we define a formal Laplace transform on
monomials by

L(pr11 . . . prkk ) = r1! p
−r1−1
1 . . . rk! p

−rk−1
k (3.22)

and extend it by linearity into a map from Q[p] to Q[p−1]. Third, we introduce the ring

Q〈〈p〉〉 := Q[[p]][p−1] =
⋃
ℓ≥0

(p1 · · · pk)−ℓQ[[p]]

and a formal residue on it by the formula

Res

(∑
r∈Zk

crp
r

)
= c−1,...,−1. (3.23)

Lastly, we extend h 7→ h̃ to a map from Q[p]((t)) to itself, L to a map from Q[p]((t))
to Q[p−1]((t)), and Res to a map from Q〈〈p〉〉((t)) to Q((t)), by making each of those
maps act coefficient-wise.

Lemma 61. For any polynomials f and g in Q[p],

〈ef , etg〉 = Res(efL(etg̃)).

Proof. For U ∈ Q[[p]] and for r ∈ Nk, UL(p̃r) is an element of Q〈〈p〉〉, so that using
(3.22), (3.20), and (3.23) in order, we derive:

Res(UL(p̃r)) = Res
(
U × 1r1 · · · krkr1! p−r1−11 · · · rk! p−rk−1k

)
= zrRes(Up

−r1−1
1 · · · p−rk−1k ) = zr × [pr]U = 〈U,pr〉.

This formula extends by linearity to 〈U, h〉 = Res(UL(h̃)) for any h ∈ Q[p]. Upon
specializing to U = ef and h = gn/n! before taking series in t, this makes the informal
integral formula provided in [51, end of 7.1] completely algebraic, in the form of the
formula

〈ef , etg〉 =
∑
ℓ≥0
〈ef , gℓ〉 t

ℓ

ℓ!
=
∑
ℓ≥0

Res
(
efL(g̃ℓ)

) tℓ
ℓ!

= Res
(
efL(etg̃)

)
.

The ring Q〈〈p〉〉((t)) is a Wp(t)-module with the usual actions: pi acts by multipli-
cation and ∂i by partial differentiation with respect to pi. Let K be the subspace of
all elements of Q〈〈p〉〉((t)) that do not contain any monomial prtm with r1, . . . , rk all
negative. In other words,

K =

k∑
i=1

Q[[p]][p−11 , . . . , p−1i−1, p
−1
i+1, . . . , p

−1
k ]((t)).
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3 An algorithm for the multivariate integration of holonomic functions

This subspace has the property to be a sub-Wp(t)-module of Q〈〈p〉〉((t)) and to be
contained in the kernel of the residue map Q〈〈p〉〉((t))→ Q((t)).

Now, let f and g be two polynomials in Q[p]. We provide in Lemma 62 an explicit
construction of a derivation ∂t satisfying (3.21). We remark that this construction is
simpler than the general approach presented in Section 3.4.3.

Lemma 62. The Wx(t)-linear map L : a 7→ a g̃( ∂f
∂p1
−∂1, . . . , ∂f

∂pk
−∂k) defines a deriva-

tion on Wx(t)/S by
∂t · prS(a) = prS

(
∂a
∂t + L(a)

)
. (3.24)

This derivation commutes with p and ∂p.

Proof. Let ϕ be the Wp-linear endomorphism of Wp(t) defined by ϕ(a) = ∂a
∂t +L(a). To

show that ∂t is well-defined, it suffices to verify that ϕ(S) ⊆ S. Consider the generators

si := pi − t
∂g̃

∂pi

(
∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k

)
of S. Using the commutation rule pi( ∂f

∂pj
− ∂j) = ( ∂f

∂pj
− ∂j)pi + δi,j , one obtains for any

polynomial q(X1, . . . , Xk)

pi q(
∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k)

= q( ∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k) pi + ∂q

∂Xi
( ∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k).

So, for each i, a computation shows that

ϕ(si) = g̃( ∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k) si ∈ S.

Next, for any rational function R(t) and any i, we check

ϕ(R(t)si) = R(t)ϕ(si) +R′(t)si ∈ S,

by Q(t)-linearity of L. Now, S is generated as aWx-module by the family (R(t)si)R,i, so,
by Wx-linearity of L, and thus of ϕ, we get the inclusion ϕ(S) ⊆ S. The Wx(t)-linearity
of L and the definition (3.24) imply, for any R(t) ∈ Q(t),

∂tR(t) · prS(a) = ∂t · prS(R(t)a)) = prS

(
∂(R(t)a)

∂t +R(t)L(a)
)
=

R(t)∂t · prS(a) +R′(t) prS(a).

In other words, ∂t is a derivation. A similar but simpler calculation shows that it
commutes with p and ∂p.

For the same polynomials f and g, let Ξf,g be the class of efL(etg̃) modulo K.

Lemma 63. For any a ∈ S, the relation a · Ξf,g = 0 holds. Moreover,

∂
∂t · Ξf,g = g̃( ∂f

∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k) · Ξf,g.
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3 An algorithm for the multivariate integration of holonomic functions

Proof. The definition (3.22) of the formal Laplace transform implies the following for-
mulas, valid for r ∈ Nk:

L(pi · pr) = (ri + 1)p−1i L(p
r) = −∂i · L(pr), (3.25)

L(∂i · pr) = L(rip−1i pr) =

{
pi · L(pr), if ri 6= 0,

0, otherwise.
(3.26)

In turn, for h ∈ Q[p], this implies the formulas

L(pi · h) = −∂i · L(h), (3.27)
L(∂i · h) = pi · L(h)− pi · L(h|pi=0). (3.28)

The last formula is not convenient because of the term involving h|pi=0. Fortunately,
this term is in K, so we have the nicer formula

L(∂i · h) ≡ pi · L(h) (mod K). (3.29)

Moreover, we have for any h ∈ Q〈〈p〉〉((t)),

( ∂f
∂pi
− ∂i) · efh = −ef∂i · h (3.30)

Therefore, we have(
pi − t ∂g̃∂pi

( ∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k)

)
· efL(etg̃) (3.31)

= ef
(
pi − t ∂g̃∂pi

(−∂1, . . . ,−∂k)
)
· L(etg̃), using (3.30)

≡ efL
((
∂i − t ∂g̃∂pi

)
· etg̃

)
using (3.27) and (3.29)

≡ efL(0) ≡ 0 (mod K).

This proves the first statement about all a ∈ S byWp(t)-linearity. The second statement
is proved similarly, starting with ∂

∂t − g̃(
∂f
∂p1
− ∂1, . . . , ∂f

∂pk
− ∂k) instead of the operator

in (3.31).

Lemma 64. The Wp(t)-module Wp(t)/S is holonomic.

Proof. Let τ be the automorphism of the Q(t)-algebra Wp(t) defined by

τ(pi) =
∂f
∂pi
− ∂i and τ(∂i) = pi − tτ

(
∂g̃
∂pi

)
.

(Note that the definition is not recursive since ∂g̃
∂pi

is a polynomial in p. Also, pi commutes
with ∂g̃

∂pi
, making their images under τ commute as well. This justifies τ(∂i)τ(pi) =

τ(pi)τ(∂i) + 1 to have an algebra morphism.) The inverse morphism is given by

τ−1(pi) = ∂i + t ∂g̃∂pi
and τ−1(∂i) = τ−1

(
∂f
∂pi

)
− pi.
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3 An algorithm for the multivariate integration of holonomic functions

By definition, S is generated by τ(∂1), . . . , τ (∂k). Therefore, as Wp(t)-modules,

Wp(t)/S 'Wp(t)/(Wp(t)∂1 + · · ·+Wp(t)∂k) ' Q(t)[p].

Since the latter is holonomic, so is Wp(t)/S.

Let M denote the holonomic module Wp(t)/S. All in all, we have a commutative
diagram of Q(t)-linear spaces, with all arrows commuting with the derivation ∂t

M Wp(t) · Ξf,g
Q⟨⟨p⟩⟩((t))

K

M
∂M Wp(t) · 〈ef , etg〉 Q((t)).

Res Res

The class of 1 in M is mapped to 〈ef , etg〉 in Q((t)). What Algorithm 4 computes, is an
operator L(t, ∂t) such that L(t, ∂t) · 1 ∈ ∂M . This implies that L(t, ∂t) · 〈ef , etg〉 = 0.
Remark 65. At this point we can make explicit our remark that earlier creative telescop-
ing algorithms could not deal with our integrals. From the explicit definition of g in the
formula Rk(t) = 〈ef , etg〉, we can prove that g̃ is always in the form pk+h(p1, . . . , pk−1),
for some polynomial h. So pk − t is always in S. Any integration algorithm that would
work over Q(t, pk), as many that are designed to apply to functions, would therefore
consider that 1 is in the annihilator of the function to be integrated, which would lead
to a wrong result.

3.6.2 Experimental results
We consider graph models that are either some model of k-regular (simple) graphs
or some generalization with loops and/or multiple edges and/or degrees in the set
{1, 2, . . . , k} instead of {k}. Given such a graph model, the theory in [50] provides
immediate formulas for the polynomials f and g. Obtaining the ideal of the lemma is
easily implemented as a simple non-commutative substitution. To this end, we used
Maple’s OreAlgebra package. After converting2 from Maple notation to the notation of
MultivariateCreativeTelescoping.jl, we could use the latter to obtain the wanted
ODEs, appealing to the implementation of our optimized Algorithm 5. This was done
for 2 ≤ k ≤ 8 and the degree sets K = {k} and K = {1, 2, . . . , k}. We collected the
computed ODEs and made them available on the web3. For k ≤ 7, they are the same as
with the Maple implementation that accompanies Chyzak and Mishna’s article [50]. To
the best of our knowledge, the ODEs for k = 8 are obtained for the first time. Table 3.1
displays some parameters related to the calculations and to the results we obtained.

2Maple uses its commutative product * to represent monomials, so that both Maple inputs t*dt and
dt*t represent the element t∂t. This is no problem inside Maple, where non-commutative products
are computed by the command skew_product. But naively serializing an operator from Maple by
lprint can lead to strings with a different interpretation in Brochet’s Julia implementation. We
automated a rewrite of those strings to move all derivatives to the right.

3See https://files.inria.fr/chyzak/kregs/.
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graph ODE time and memory
k l e ord deg f5 mct total rss
2 ll se 1 2 0.04 0.05 18 0.63
3 ll se 2 11 0.04 0.05 18 0.62
4 ll se 2 14 0.05 0.05 19 0.62
5 ll se 6 125 0.05 0.59 17 0.65
6 ll se 6 145 0.23 1.0 20 0.66
7 ll se 20 1683 8.6 303 330 4.6
7 ll me 20 1683 8.4 300 326 4.3
7 la se 20 1683 8.3 301 328 4.3
7 la me 20 1683 8.3 299 326 4.4
7 lh se 20 1683 8.6 310 337 5.9
7 lh me 20 1683 8.3 322 349 5.8
8 ll se 19 1793 244 832 1095 6.5
8 ll me 19 1793 247 831 1097 6.7
8 la se 19 1793 244 831 1094 6.0
8 la me 19 1793 244 829 1093 6.0
8 lh se 35 6204 393 23069 23481 5.4
8 lh me 35 6200 393 23111 23524 5.4

graph ODE time and memory
k l e ord deg f5 mct total rss
2 ll se 1 3 0.04 0.04 17 0.62
3 ll se 2 11 0.04 0.13 18 0.64
4 ll se 3 29 0.04 0.07 18 0.62
5 ll se 6 125 0.06 0.69 19 0.65
6 ll se 10 425 0.31 11 31 0.86
7 ll se 20 1683 8.3 316 343 5.8
7 ll me 20 1683 8.5 321 348 5.8
7 la se 20 1683 8.7 324 352 5.8
7 la me 20 1683 8.8 322 349 5.8
7 lh se 20 1683 8.7 310 337 5.6
7 lh me 20 1683 8.2 323 349 5.8
8 ll se 35 6201 389 23198 23605 5.4
8 ll me 35 6200 386 23586 23991 5.4
8 la se 35 6204 401 23495 23915 5.4
8 la me 35 6205 393 23188 23600 5.4
8 lh se 35 6205 387 22745 23152 5.5
8 lh me 35 6205 394 23440 23853 5.4

Table 3.1: Computation of ODEs for k-regular graph models K = {k} (left) and K =
{1, . . . , k} (right). A graph model is input by the triple (k, l, e), where l
and e describe if loops and edges are allowed. For each output ODE, the
order (‘ord’) and the coefficient degree (‘deg’) are given. All times are given
in seconds. The two main computation steps are preparing a Gröbner basis
(‘f5’) and running Algorithm 5 on it (‘mct’). The maximum memory used is
given in GB (‘rss’). See details in Section 3.6.2.

There, each graph model is described by a triple (k, l, e) where: k determines the set of
allowed degrees, either by K = {k} for the left part of Table 3.1 or by K = {1, . . . , k}
for the right part; l is one of ‘ll’ for loopless graphs, ‘la’ for graphs with loops allowed
and contributing 2 to the degree, and ‘lh’ for graphs with loops allowed and contribut-
ing 1 to the degree; e is either ‘se’ for graphs with simple edges or ‘me’ for graphs with
multiple edges allowed. For each graph model, the resulting ODE has order and degree
given in columns ‘ord’ and ‘deg’. The total time for computing the ODE is given in
column ‘total’ and decomposes as follows: the time to prepare generators for the ideal S
is negligible; the time to make a Gröbner basis out of them is given in column ‘f5’; the
time to extract next the ODE by our new algorithm is given in column ‘mct’. We note
that the time for ‘mct’ always dominates. The total time includes the compilation time,
which explains why its value exceeds the sum of ‘f5’ and ‘mct’. The maximal peak of
memory usage is listed in column ‘rss’.
By way of comparison, the model (se, ll, 7) could be computed by the method and
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3 An algorithm for the multivariate integration of holonomic functions

implementation of [50] in 3.22·104 seconds (almost 9 hours), which is roughly 100 times as
much as the 330 seconds (5.5 minutes) needed by our new algorithm and implementation.
This can partly be explained by the lack of efficient evaluation/interpolation methods
in the implementation of [50] and by the choice in [50] to continue the calculation by
factoring the polynomial coefficients of the ODE.
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4 Weyl closure
The Weyl closure of a left module S ⊆W r

x is defined as

Cl(S) =Wx(x)S ∩W r
x . (4.1)

The problem of computing generators of Cl(S) given S was first introduced by Chyzak
and Salvy [45] for the case r = 1, under the name of extension/contraction problem.
The objective was to compute the holonomic annihilator annWx(f) of a holonomic func-
tion f from its D-finite annihilator annWx(x)(f), as a preliminary step before applying
Takayama’s algorithm to integrate f . This problem was later solved by Tsai for general
r in his PhD thesis [133, 134] using a localization algorithm by Oaku, Takayama, and
Walther [103].
Like Chyzak and Salvy, my goal is to compute a presentation of a holonomic module

starting from the presentation of a D-finite module. However, experiments show that
computing Weyl closures with current implementations is expensive, notably because
they compute a b-function. For this reason, I instead aim to compute a holonomic
approximation of the closure, that is I aim to compute a module S′ such that S′ ⊆ Cl(S)
andW r

x/S
′ is holonomic. This holonomy condition is sufficient to ensure the termination

of the integration algorithm presented in Chapter 3. The main contribution of this
section is a new algorithm to solve this problem, which is asymptotically maximal. That
is, the algorithm constructs iteratively a sequence of modules

S1 ⊆ S2 ⊆ · · · ⊆ Cl(S) (4.2)

with the property that there exists ℓ ∈ N such that Sℓ = Cl(S). The algorithm continues
until a prescribed termination criterion is met. Possible termination criteria include:
stopping at the first ideal Si for which Wn/Si is holonomic, stopping at the first Si
such that Si = Si+1 and Wn/Si is holonomic, or stopping at the first Si+r such that
Wn/Si is holonomic for some prescribed r ∈ N. At present, however, I do not know any
method to guarantee that the output coincides with Cl(S) without explicitly computing
a b-function.
The algorithm is based on a generalization of Rabinowitsch’s trick to D-modules.

This approach does not require computing any localization of the module S, instead
it computes successive saturations with respect to a well-chosen polynomial. For some
applications, it is needed to extend the notion of holonomy to modules of the form
Wx,t(t), which involve both polynomial and rational variables. This extension enables
the computation of annihilators in this algebra and yields a variant of the algorithm
described in Section 3.4.3, that produces the input data structure for the integration
algorithm of Chapter 3. In contrast to the algorithm of Section 3.4.3, which requires a
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holonomic module, this variant directly computes the presentationM and the derivation
∂t from a D-finite module.

Relation with desingularization
Another motivation for the Weyl closure is its application to the desingularization of
systems of linear differential equations. By definition, the singularities of an operator
L ∈W1 are the roots of its leading coefficient. Any singularity of a solution f of L is also
a singularity of L, but the converse is not true. For example the operator L = x∂−1 has
a one-dimensional solution space generated by f = x which does not have a singularity
at x = 0. A singularity α is said to be apparent if no solution of L admits a singularity
at α. In this case there exists an operator M ∈Wx(x) such that ML has no singularity
at α and the process of finding such an operator M is called desingularization. One
application of desingularization is the computation of a basis of formal power series
solutions of L at an apparent singularity. I refer to [8, 42, 75, 146] for desingularization
algorithms for univariate operators and first-order linear systems.
The definition of singularity was extended to D-finite systems by Chen, Kauers, Li

and Zhang [41]. Let G ⊆Wx be a reduced Gröbner basis defining a D-finite ideal, with
all operators in G having their content equal to one. A singularity of G is any point α
such that α is a root of lc(g) for some g ∈ G. A singularity of G is called apparent if
no solution of Wx(x)G admits a singularity at α and in this case there exists a Gröbner
basis G′ ⊂ Wx(x) composed of left multiples of elements of G such that G′ has no
singularity at α (but we don’t have WxG

′ ⊆WxG). The nature of a singularity depends
on the monomial order chosen for the Gröbner basis G, that is an apparent singularity
for some order may not be a singularity at all for another order. A stricter notion of
singularity is given by the singular locus (see Section 4.1.3) of a Wx-module. The Weyl
closure of WxG is the smallest module containing G and all desingularizations of G.

Contents
The chapter is organized as follows. Section 4.1.1 provides a brief review of the state-of-
the-art, recalling Tsai’s algorithm for computing Weyl closures of holonomic modules,
along with the classical D-modules algorithms used in the process. Section 4.2 introduces
the new algorithm for approximating Weyl closures, and finally, Section 4.3 presents the
benchmarks of a preliminary implementation.

4.1 State-of-the-art algorithms
In this section, I begin by recalling the classical algorithms for computing the annihilator
of f s for a symbolic variable s, the global b-function of f , and the annihilator of fα for
α ∈ C (Section 4.1.1). Next, I recall two localization algorithms that build upon these
methods (Section 4.1.2). Finally, I recall Tsai’s algorithm for computing the Weyl closure
Cl(I) of a holonomic module Wx/I (Section 4.1.3).
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4.1.1 Annihilator of the power of a polynomial and global b-function
Let f ∈ K[x] be a polynomial and s be a symbolic parameter. I describe in this subsection
an algorithm due to Oaku [99] and an algorithm due to Briançon-Maisonobe [25] to
compute the annihilator of f s following an idea by Malgrange [93]. Here, f s should
be thought of as a symbol that behaves like the complex valued function f s. This
computation is the first step before computing the global b-function (Section 4.1.1.2)
and the annihilator of fα (Section 4.1.1.3) for a complex number α in a suitable complex
open subset of C.

4.1.1.1 Annihilator of f s

The content of this subsection is based on Chapter 5.3 of the book [114]. Let δ(t − f)
be the distribution defined for any smooth function φ(t,x) with compact support by

〈δ(t− f), φ〉 =
∫
Rn

φ(f(x),x)dx (4.3)

Malgrange described explicitly a generating set for the annihilator of this distribution
and related it to the annihilator of f s by means of the Mellin transform.

Theorem 66 (Malgrange [93]). Let f ∈ K[x] be a polynomial. The annihilator of δ(t−f)
is generated in Wx,t by

t− f(x) and ∂i +
∂f

∂xi
∂t for i ∈ {1, . . . , n}. (4.4)

The Mellin transform M̃ is the linear map defined for piece-wise continuous functions
F (whenever the integral converges) by

M̃ : F (t) 7→ G(s) =

∫ ∞
0

F (t)tsdt. (4.5)

Although a generalization of the Mellin transform to distributions exists, to illustrate
the connection between the distribution δ(t − f) and the expression f s, I present the
following intuitive, though not rigorous, computation:

M̃(δ(t− f)) =
∫
R
δ(t− f) ts dt =

∫
t=f

ts dt = f s. (4.6)

If F decays rapidly and s belongs to a suitable open subset of C, an algebraic coun-
terpart of the Mellin transform exists for operators. It is given by the multiplicative
Wx-linear map

M :


Wx,t →Wx〈s, S, S−1〉
t 7→ S
∂t 7→ −sS−1

, (4.7)
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where S denotes the shift operator with respect to s, satisfying sS = Ss+S while S−1 is
its inverse. This map is well-defined asM(∂tt) = −s =M(t∂t+1). Besides, this formula
shows that the mapM induces an isomorphism from the subalgebraWx[t∂t] ofWx,t onto
the subalgebra Wx[s] of Wx〈s, S, S−1〉. This isomorphism leads to the following theorem
and to Algorithm 6 for computing the annihilator of f s in Wx[s].

Theorem 67. The annihilator of f s in Wx[s] equals M(annWx,t(δ(t− f)) ∩Wx[t∂t]).

Algorithm 6 Annihilator of f s in Wx[s] (Oaku [99])

Input: f ∈Wx

Output: generators of annWx[s](f
s)

1 Let u, v be two new commutative polynomial variables.
2 G← {tu− f, uv − 1} ∪

{
∂i +

∂f
∂xi
v∂t | i ∈ J1, nK}

3 Compute the intersection I =Wx,t[u, v]G ∩Wx,t by Gröbner basis computation.
Each generator of I has the form tap(t∂t)∂

b
t for a, b ∈ N and p ∈Wx[t∂t].

4 Multiply each tap(t∂t)∂bt by tb∂a so that they belong to annWx,t(δ(t− f)) ∩Wx[t∂t].
5 Replace t∂t by −s− 1 in each generator and output the results.

This algorithm requires introducing two additional variables u, v to compute the inter-
section with Wx[t∂t]. This is a source of inefficiency which led Briançon and Maisonobe
to propose another algorithm [25]. Observe that the variable t appears in only one gener-
ator of annWx,t(δ(t− f)) (Eq. (4.4)). Consequently, this generator, t− f , can contribute
to the intersection annWx,t(δ(t− f))∩Wx[t∂t] only if it is multiplied on the left by ∂t at
least once. In that case, the problem reduces to computing the intersection with Wx[t∂t]
of the ideal generated by

∂tt− f∂t,

∂i +
∂f

∂xi
∂t for i = 1, . . . , n.

(4.8)

Applying the Mellin transform gives:

M(∂tt− f∂t) = −s− fM(∂t)

M(∂i + f∂t) = ∂i + fM(∂t) for i = 1, . . . , n.
(4.9)

Briançon and Maisonobe showed that the annihilator of f s could be obtained by elim-
inating M(∂t) in Eq. (4.9). Note that s and M(∂t) satisfy the commutation rule of a
backward shift (since M(∂t) = −sS−1). Hence, by renaming M(∂t) into S̃−1 we obtain
Algorithm 7. I was not able to find Briançon and Maisonobe’s original article, hence
I refer to [andresPrincipalIntersectionBernsteinsato2009a] for a proof of correct-
ness. According to [89], Algorithm 7 is between 1.5 and 3 times faster than Algorithm 6
across a variety of examples.
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Algorithm 7 Annihilator of f s (Briançon and Maisonobe [25])

Input: f ∈Wx

Output: generators of annWx[s](f
s)

1 G←
{
s+ fS̃−1

}
∪
{
∂i +

∂f
∂xi
S̃−1 | i ∈ J1, nK}

2 Compute annWx[s] =Wx〈s, S̃−1〉G ∩Wx[s] by Gröbner basis computation
3 return annWx[s]

4.1.1.2 Global b-function

The global b-function of f , also known as the Bernstein-Sato polynomial, is the monic
polynomial bf (s) ∈ K[s] of smallest degree satisfying

P · f s+1 = bf (s)f
s (4.10)

for some operator P ∈ Wx[s]. The existence of such a polynomial was first proved by
Bernstein [13]. It was originally introduced as a tool for defining the analytic contin-
uation of the function λ 7→ fλ, but it has since found numerous other applications in
singularity theory and quantum field theory. An important result due to Kashiwara [80]
states that the roots of the global b-function are negative rational numbers. As we will
see in the next sections, its minimal integer root serves as an upper bound in many
algorithms on D-modules.
A direct computation shows that the ideal of polynomials b(s) satisfying Eq. (4.10)

without the minimality condition coincides with the ideal

(annWx[s](f
s) +Wx[s]f) ∩K[s]. (4.11)

This naturally leads to an algorithm to compute bf , which is described in Algorithm 8.
It was observed [andresPrincipalIntersectionBernsteinsato2009a] that the inter-
section in step 2 can be computed efficiently by a variant of the FGLM algorithm [64],
as the intersection is a zero-dimensional polynomial ideal.

Algorithm 8 b-function (Oaku) [99]

Input: f ∈Wx

Output: the b-function associated to f
1 Compute generators of annWx[s](f

s) by e.g. Algorithm 7
2 return the monic generator of the ideal (annWx[s](f

s) + Wx[s]f) ∩K[s]

Remark 68. There exists also a notion of b-function of a holonomic ideal associated to a
weight vector w [114, chapter 5.1]. This b-function is useful for computing the integral
of a holonomic module and its restriction [114, chapter 5.2 and 5.5].
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4.1.1.3 Annihilator of fα and deformation methods

Let α be a complex number. The annihilator of fα can be obtained from the annihilator
of f s by evaluating s at α, provided α does not belong to the set α0 + 1 + N, where α0

is the smallest integral root of the b-function bf [114, Theorem 5.3.13]. This minimum
is well-defined as −1 is always a root of bf . If α belongs to this exceptional set, an
additional step involving a syzygy computation must be performed to ensure that the
full annihilator is computed. This algorithm, due to Oaku and Takayama, is to the best
of my knowledge only described in the book [114, Algorithm 5.3.15].
I propose a new algorithm for computing a holonomic approximation of ann(1/f),

based on an idea suggested by Pierre Lairez. It corresponds to an algebraic equivalent of
deformation techniques and is also reminiscent of Theorem 66. Let ε be a new variable
and let us remark that 1/ε is annihilated in Wx,ε by

J = {ε∂ε + 1} ∪ {∂i | i ∈ J1, nK}.
Moreover, the function

ϕ :


Wx,ε →Wx,ε

ε 7→ ε+ f
∂ε 7→ ∂ε
∂i 7→ ∂i +

∂f
∂xi
∂ε

defines a morphism ofWx,ε-module. As a consequence, ϕ(Wx,εJ) annihilates the function
1/(ε+ f), and we can find a holonomic approximation of annWx(1/f) by computing the
restriction of ϕ(Wx,εJ) at ε = 0. The restriction of a Wx,ε-module at ε = 0 is the
module M/(εM). It can be computed using Takayama’s algorithm and the Fourier
transform [102] (see also [114, chapter 5.2 and 5.5]).

Although I have not seriously tested this algorithm, it has the advantage of making a
link between the problems of restriction/integration and the problem of computing the
annihilator of a rational function.
Remark 69. The annihilator of a rational function a/fα can be deduced from the anni-
hilator of ann(1/fα) by computing the intersection I =Wxa∩ ann(1/fα) and returning
Ia−1.

4.1.1.4 Polynomial Gröbner basis approaches for approximating ann(1/fα)

The high computational cost of non-commutative Gröbner basis computations in Algo-
rithms 6 and 7 has driven researchers to explore alternative methods for approximating
this ideal using polynomial Gröbner bases. One approach, proposed in [35], constructs
new generators of ann(1/fα) by finding logarithmic derivatives of f , that is relations of
the form

af =
n∑

i=1

bi∂i(f), (4.12)
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where a, b1, . . . , bn are polynomials in K[x]. Such relations directly yield annihilating
operators for 1/fα: (

n∑
i=1

bi∂i + αa

)
· 1

fα
= 0. (4.13)

Another approach, developed in [33], looks for polynomial syzygies between the suc-
cessive derivatives ∂β · f of f . If

∑
i bifi = 0, where fi = ∂i · f , then one obtains∑

i

bi(f∂i + αfi) = f
∑
i

bi∂i (4.14)

from which one deduces a new annihilating operator by dividing by f .
Both approaches lead to algorithms that are asymptotically maximal.

4.1.2 Localization of a D-module
LetM be a finitely presentedWx-module and f ∈ K[x] be a polynomial. The localization
of the module M at f is the Wx-module

K[x, 1/f ]⊗K[x] M. (4.15)

Kashiwara [81] proved that this module is holonomic wheneverM is holonomic and that
K[x, 1/f ] is isomorphic to Wx/ ann(f

−k) as Wx-modules, where k is the smallest integer
root of bf (s).
By combining Algorithm 7 for computing the annihilator of f s and Algorithm 8 for

computing the b-function of f , with the tensor product algorithm I recall in the next
paragraph, Oaku and Takayama [102] derived an algorithm for computing the localiza-
tion module K[x, 1/f ]⊗K[x] M .

Tensor product
Let I and J be presentations of twoWx-modulesM and N . The tensor productM⊗K[x]

N has a natural structure of Wx-module given by

∂i · (a⊗ b) = (∂i · a)⊗ b+ a⊗ (∂i · b). (4.16)

A presentation of this tensor product can be computed from I and J as follows.
First rename the variables x into z in one of the presentation, e.g. J , and then quotient

the Wx,z-module I ⊗K[x,z] J by the right Wx,z-ideal generated by xi − zi for all i. This
step corresponds to computing a restriction [102] (see also [114, chapter 5.2 and 5.5]).
Conceptually, the algorithm mirrors the definition of the tensor product: it introduces
two independent copies of the objects I and J and then quotient by what should be
equal. The algorithm is described in Algorithm 9 in a slightly modified form, with the
restriction taken at z = 0 to match the common practice in the literature.
This method requires doubling the number of variables in the algebra and then elim-

inating half of them through a restriction. As a consequence, its computational cost is
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often prohibitive, and its use should be avoided whenever more efficient alternatives are
available.

Algorithm 9 Tensor product (Oaku-Takayama [102])

Input: presentations I, J ⊆Wx of two modules M and N
Output: a presentation of a module M ′ isomorphic to M ⊗K[x] N

1 Replace the variable x by z+ x in J and ∂x by ∂x − ∂z in I
2 Compute the restriction of the Wx,z-module I + J at z = 0 with Oaku-Takayama’s algorithm [102]
3 return generators of the restriction

Remark 70. This algorithm can be used to compute the annihilator annWx(fg) of the
function fg starting from the annihilator of f and g (e.g. section 3 [100]).

Localization without tensor product computation
A more efficient algorithm for computing a presentation of the localization module

M ⊗K[x] K[x, 1/f ]

with a single use of Takayama’s algorithm was given by Oaku, Takayama and Wal-
ther [103]; see also [101] for an alternative presentation.
Recall that K[x, 1/f ] is isomorphic to Wx/ ann(f

−k) where −k is the smallest integer
root of bf (s). One can show, similarly to Theorem 66, that the annihilator of f−s is
generated in Wx,t[s, 1/f ] by

ft− 1, ∂i −
∂f

∂xi
∂tt

2, (4.17)

where the module structure in t, ∂t is the one induced by the Mellin transform (Eq. (4.7)).
That is, t ·f−s = ff−s and ∂t ·f−s = −s

f f
−s, and the commutation rules are ts = (s+1)t

and ∂ts = (s− 1)∂t.
Now consider the tensor product

M ⊗K[x] Wx,t[s, 1/f ] · f s (4.18)

which naturally inherits a Wx,t-module structure. Assuming M is of the form Wx/I,
Oaku, Takayama, and Walther explicitly described the annihilator of the class of 1⊗ 1,
thereby obtaining a presentation of the tensor product in Eq. (4.18) as a Wx,t-module.

Notation 71. Let P ∈Wx, we denote by P (∂ − ∂f
∂x∂tt

2) the operator obtained from P

by replacing each variable ∂i with ∂i − ∂f
∂xi
∂tt

2.

Lemma 72. (Oaku, Takayama, Walther [103]) Let P1, . . . , Pℓ be generators of the Wx-
ideal I. Then the Wx,t-module M ⊗K[x] Wx,t/ annWx,t[s,1/f ](f

−s) is isomorphic to the
Wx,t-module Wx,t/J where J is generated by

ft− 1, Pi(∂ −
∂f

∂x
∂tt

2) for i ∈ {1, . . . , ℓ}. (4.19)
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They then proved that a presentation of the localization module M ⊗K[x] K[x, 1/f ]
could be obtained by computing the integral of the module Wx,t/J with respect to t:

M/(J + ∂tWx,t). (4.20)

This leads to the following theorem and to Algorithm 10.

Theorem 73. (Oaku, Takayama, Walther [103]) The module M ⊗K[x] K[x, 1/f ] is
isomorphic to

Wx,t/ (J + ∂tWx,t)

as Wx-module. Besides, the natural map M 7→M ⊗K[x] K[x, 1/f ] sends 1̄ to 1̄⊗ 1/f2.

Algorithm 10 Localization (Oaku-Takayama-Walther [103])

Input: a polynomial f ∈ K[x] and a presentation I ⊆Wx of a module M .
Output:

• a presentation L of the module M ⊗K[x) K[x, 1/f ]

• an integer k ∈ N such that 1̄⊗ 1/fk+2 generates K[x, 1/f ]⊗K[x] M

1 Let P1, . . . , Pℓ be generators of I and define J as in Eq. (4.19)
2 Compute the b-function B associated to the integration ideal [114, chap. 5.1]

K =Wx,t/(J + ∂tWx,t)
3 if B has no non-negative integer root
4 return I and 0
5 else
6 Let k be the largest integer root of B so that L is generated by the class of tk
7 Compute the annihilator L of tk in K
8 return L and k
9 end

4.1.3 Tsai’s algorithm for the Weyl closure of a holonomic module
This section presents Tsai’s algorithm for computing the Weyl closure of a holonomic
module. To simplify the notation, I present it for holonomic ideals exclusively, but Tsai
also presented in for holonomic modules. I first recall the definition of the singular locus
of an ideal, which corresponds to the set of all singularities of the solution functions of
I. Its definition involves the notions of weight vectors and initial ideals, which although
classical in D-module theory are scarcely used in this thesis.

Singular locus
Let I be an ideal of Wx and let (0,1) denote the weight vector consisting of n zeros
followed by n ones [114, Chapter 1.2]. Let P =

∑
α,β aα,βx

α∂β be an operator in Wx

and let c = max (|β| | ∃,α aα,β 6= 0). The initial form of P with respect to (0,1) is the
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polynomial in K[x, ξ] given by

in(0,1)(P ) =
∑

α,|β|=c

aα,βx
αξβ. (4.21)

The initial ideal in(0,1)(I) is the ideal of K[x, ξ] containing all the initial forms of element
of I. The singular locus of I is then the ideal

Sing(I) =
(
in(0,1)(I) : 〈ξ1, . . . , ξn〉∞

)
∩ C[x],

where A : B∞ denotes the saturation of the ideal A with respect to the ideal B which is
defined by

A : B∞ =
{
a ∈ K[x, ξ] | ∃k ∈ N, Bka ⊆ A

}
. (4.22)

An algorithm to compute the singular locus was proposed by Oaku [98].

Tsai’s algorithm
Tsai proved that the Weyl closure of an ideal I of Wx could be obtained by localizing
the ideal I at a polynomial vanishing on the singular locus of I.

Theorem 74. (Tsai [134, Theorem 2.2.1]) Let I be an ideal of Wx and f be a polynomial
vanishing on the singular locus of Wx/I. The Weyl closure Cl(I) of I is equal to

K[x, 1/f ]I ∩Wx.

This leads directly to an algorithm for the computation of the Weyl closure of ideals
I such that W r

x/Cl(I) is holonomic, which is described in Algorithm 11.

Algorithm 11 Weyl closure (Tsai [134, algorithm 2.2.4])

Input: an ideal I ⊆Wx such that W r
x/Cl(I) is holonomic.

Output: The Weyl closure Cl(I)
1 Compute a polynomial f vanishing on the singular locus of I
2 Compute L and k such that Wx/L 'Wx/I ⊗K[x, 1/f ] by Algorithm 10
3 return the intersection Wxf

k+2 ∩ L

Remark 75. When Wx/Cl(I) is not holonomic, the localization may not be finitely
generated. Tsai presented another algorithm for this setting which is described in his
PhD thesis [134, Chapter 2.3].

4.2 Computing an approximation of the partial Weyl closure
Notation 76. I denote Wx,t the Weyl algebra with n variables x1, . . . , xn and m vari-
ables t1, . . . , tm.
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Let S be a submodule of W r
x,t such that Wx,t(x, t)

r/Wx,t(x, t)S is a D-finite module.
The partial Weyl closure of S with respect to x is the module

Clx(S) =Wx,t(x, t)S ∩Wx,t(t)
r.

This definition coincides with the standard Weyl closure when no variable t are present.
I begin this section by presenting the notion of holonomy for finitely presented Wx,t(t)-
modules. Then I propose a new algorithm for computing a holonomic approximation
of Clx(S). This algorithm is based on a non-commutative extension of Rabinowitsch’s
trick [108] and on Gröbner bases of infinite rank modules [128]. Unlike Tsai’s algorithm,
which proceeds by computing the localization of the module S, my method proceeds
by computing the saturation with respect to a suitable polynomial f iteratively until a
holonomic approximation of Clx(S) is found.

4.2.1 Holonomy
I first recall in Theorem 80 the algorithmic criterion for testing, given a Gröbner basis
of the Wx-ideal I, whether the module Wx/I is holonomic. This criterion naturally
generalizes to finitely generated modules. The criterion has been used as a definition
for holonomy in the literature (e.g., [82, Definition 4.67]), but I have not been able to
find a proof of it. I recall several definitions from Section 3.2.2 to make the presentation
self-contained.

4.2.1.1 Algorithmic criterion of holonomy

Let (Fd)d be the Bernstein filtration of Wx defined by

Fd = {P ∈Wx | deg(P ) ≤ d} .

Let M = Wx/I be a left Wx-module, the Bernstein filtration induces a filtration (Φd)d
on M defined by

Φd = {P + I | P ∈ Fd} ⊆Wx/I.

There exists a unique polynomial p called the Hilbert polynomial ofM such that dim(Φk) =
p(k) for any sufficiently large k.

Definition 77. The dimension of the Wx-module M is the degree of its Hilbert poly-
nomial. In another word, the module M has dimension ℓ if and only if

dim(Φd) = Θ(dℓ) when d→ +∞.

Let A ⊆ {x,∂} be a set of variables. The K-algebra K〈A〉 is the algebra generated by
A and the usual commutation rules between x and ∂.

Lemma 78. Let A ⊆ {x,∂} be a set of cardinality ℓ > 0. The dimension of the vector
space K〈A〉≤d is Θ(dℓ) as d tends to infinity.
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Proof. It amounts to counting the number of commutative monomials in ℓ variables of
degree at most d, which is known to be equal to

(
d+ℓ
ℓ

)
.

I will prove the following theorem.

Theorem 79. Let I be a non-trivial ideal of Wx, let ℓ ∈ J0, 2n − 1K, let ≼ be a total
degree monomial order on Wx and let G be a Gröbner basis of I for this order. The
following statements are equivalent:

1. The module Wx/I has dimension ≤ ℓ.

2. ∀A ⊆ {x,∂}, |A| = ℓ+ 1 =⇒ the vector space I ∩K〈A〉 is non-zero.

3. ∀A ⊆ {x,∂}, |A| = ℓ+ 1 =⇒ ∃g ∈ G, lm(g) ∈ K〈A〉.

Proof. I first prove the implication (1) =⇒ (2). Let A ⊆ {x,∂} be a subset of
cardinality ℓ+ 1 and consider the canonical projection

π : K〈A〉≤d → Φd.

By assumption, the vector space Φd has dimension Θ(dℓ
′
) for some ℓ′ ≤ ℓ and the vector

space K〈A〉≤d has dimension Θ(dℓ+1) by Lemma 78. Therefore, the map π can not be
injective for large d and its kernel K〈A〉≤d ∩ I must be non-zero.

Now, I prove the implication (2) =⇒ (3). Let A ⊆ {x,∂} such that |A| = ℓ+ 1. By
(2), there exists a non-zero element a in K〈A〉 ∩ I, and by property of Gröbner bases
there exists g ∈ G such that lm(g) | lm(a). But a is in K〈A〉, hence lm(g) is also in
K〈A〉.
Lastly, I prove the implication (3) =⇒ (1). Let A ⊆ {x,∂} and let

BA
d =

{
xα∂β ∈ K〈A〉≤d | ∀g ∈ G, lm(g) ∤ xα∂β

}
.

A basis of the vector space Φd is given by the image of B{x,∂}d , as it corresponds to the
standard vector basis on the quotientWx/I with respect to the Gröbner basis G. I prove
by induction on |A| that |BA

d | = O(dℓ), which will be enough to conclude dim(Φd) =
O(dℓ).

I start with the base case |A| ≤ ℓ. The elements of the set BA
d form a free family of the

vector space K〈A〉≤d, which has dimension Θ(d|A|) by Lemma 78, hence |BA
d | = O(dℓ).

Then I prove the induction step. I assume |A| ≥ ℓ + 1. Let g ∈ G be an element
satisfying lm(g) ∈ K〈A〉 and let m ∈ BA

d . By definition g does not divide m, so there
exists a0 ∈ A such that dega0(g) > dega0(m). Noting s = dega0(m), I remark that m/as0
belongs to BA\{a0}

d . Hence,

m ∈ as0B
A\{a0}
d ⊆

dega0 (g)⋃
i=0

ai0B
A\{a0}
d ⊆

⋃
a∈A

dega(g)⋃
i=0

aiB
A\{a}
d .
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Since the last set is independent of m, I obtain

|BA
d | ≤

∑
a∈A

dega(g)∑
i=0

|BA\{a}
d |.

Remark that the summation ranges are independent of d and that by induction hy-
pothesis each B

A\{a}
d has cardinality O(dℓ), hence |BA

d | = O(dℓ). This concludes the
induction and the proof.

The theorem can be extended to non-total degree order in a similar fashion as in the
polynomial case [11, Notes of Chapter 9.3]. I only sketch the proof.

Theorem 80. Let I be a non-trivial ideal of Wx, let G be a Gröbner basis of I and let
ℓ ∈ J0, 2n− 1K. The following statements are equivalent.

1. The module Wx/I has dimension ≤ ℓ

2. ∀A ⊆ {x,∂}, |A| = ℓ+ 1 =⇒ the vector space I ∩K〈A〉 is non-zero.

3. ∀A ⊆ {x,∂}, |A| = ℓ+ 1 =⇒ ∃g ∈ G, lm(g) ∈ K〈A〉

Proof. The proofs of the implications (1) =⇒ (2) and (2) =⇒ (3) remain valid.
For the last implication, remark that the proof can be repeated with a weight order
associated to a weight containing strictly positive weights only. The end of the proof
follows from the following theorem.

Theorem 81. [114, Proposition 2.1.5]. Let ≼ be any monomial order and G be a
reduced Gröbner basis of I for this order. There exists a weight order ≼w associated to
a weight w > 0 for which any reduced Gröbner basis Gw of I with respect to ≼w satisfies
lm(G) = lm(Gw).

An algorithm for computing the dimension of a module M is obtained by searching
for the smallest ℓ satisfying the third point of Theorem 80. Bernstein’s inequality states
that the dimension of a non-trivial Wx-module is at least n. Hence, to prove that a
module is holonomic it suffices to check the third point of Theorem 80 with ℓ = n.

4.2.1.2 Holonomic Wx,t(t)-modules

In light of Theorem 80 applied with ℓ = n, the definition of holonomy can be extended
to Wx,t(t)-modules as follows.

Definition 82. Let M = Wx,t(t)
r/S be a Wx,t(t)-module and let e1, . . . , er be the

canonical basis of Wx,t(t)
r. The module M is said to be holonomic if for every A ⊆

{x, ∂x, ∂t} such that |A| = n+ 1 and for every i ∈ J1, rK, the intersection S ∩K(t)〈A〉ei
is non-empty.
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When m = 0, this definition coincides with the standard definition of holonomic
modules on Wx and when n = 0 this definition is equivalent to the definition of D-finite
modules. The third point of Theorem 80, which gave an algorithmic criterion for testing
holonomy, naturally extends to this setting:

Lemma 83. Let M = Wx,t(t)
r/S be a Wx,t(t)-module and let G be a Gröbner basis

of S. The module M is holonomic if and only if for every I ⊆ {x, ∂x, ∂t} such that
|I| = n+ 1 and for every i ∈ J1, rK, there exists g ∈ G such that lm(g) ∈ K(t)〈I〉ei.

The usual equivalence between D-finiteness and holonomy, which was first stated by
Takayama [131], also generalizes.

Theorem 84. Let S be a submodule of Wx,t(x, t)
r. The following statements are

equivalent:

1. Wx,t(x, t)
r/S is D-finite

2. Wx,t(t)
r/(S ∩Wx,t(t)

r) is holonomic

3. W r
x,t/(S ∩W r

x,t) is holonomic

Proof. I prove the result for r = 1, the general proof is similar but involves more nota-
tions.
It is well-known that (1) and (3) are equivalent: the implication (1) =⇒ (3) is proved

by constructing a suitable filtration [131, Appendix], and the converse is a straightfor-
ward application of Definition 82 when no variable t is present.

Thus, it suffices to prove (3) =⇒ (2) and (2) =⇒ (1), which are again applications
of Definition 82. As an example I prove (3) =⇒ (2). Let A ⊆ {x, ∂x, ∂t} be a set of
cardinality n+1, then A∪ {t} is of cardinality n+m+1. By applying Definition 82 to
S ∩W r

x,t and A∪ {t}, I deduce that the K-vector space K〈A∪ {t}〉 ∩
(
S ∩W r

x,t

)
is non-

empty, which implies that the K(t)-vector space K(t)〈A〉 ∩ (S ∩Wx,t(t)
r) is non-empty.

This proves (2) by Definition 82.

4.2.2 Partial Weyl closure by saturation
The left saturation module of S ⊆ Wx,t(t)

r with respect to the polynomial f ∈ K[x, t]
is the left module

S : (f)∞ =
{
L ∈Wx,t(t)

r | ∃i ∈ N, f iL ∈ S
}
. (4.23)

Theorem 85. The set S : (f)∞ is a left submodule of Wx,t(t)
r

Proof. The set S : (f)∞ is clearly non-empty, contained in Wx,t(t)
r and stable under

addition. It remains to prove the stability under left multiplication by elements of
Wx,t(t). The stability under multiplication by K(t)[x] is immediate. We now check the
stability under the action of ∂xi (the case ∂ti is analogous). Let L ∈ Wx,t(t) and j ∈ N
such that f jL ∈ S, then a computation shows that

f j+1∂xiL =

(
∂xif + (j + 1)

∂f

∂xi

)
f jL. (4.24)
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The last term belongs to S as it as a left module and f jL ∈ S by assumption. Hence,
∂xiL ∈ S : (f)∞, which concludes the proof.

Theorem 74 shows that the computation of the Weyl closure is actually a saturation
computation. This result extends naturally to the partial Weyl closure.

Theorem 86. Let S be a submodule of Wx,t(t)
r, G be a finite Gröbner basis of

Wx,t(x, t)S with polynomial coefficients and contents equal to one, and f ∈ K[x, t]
be a multiple of lcm ({lc(g) | g ∈ G}) then

Clx(S) = S : (f)∞. (4.25)

Proof. The implication S : (f)∞ ⊆ Clx(S) is straightforward by Eq. (4.23) and Eq. (4.1).
Let ≼ be a monomial order on Wx,t(x, t)

r and let us prove by induction on lm(L) that
L ∈ Clx(S) implies L ∈ S : (f)∞. Let L ∈ Clx(S) and let us assume the result is true for
any operator with leading monomial strictly less than lm(L). By properties of Gröbner
basis, there exist g ∈ G,α ∈ Nm, β ∈ Nn and q ∈ K(t,x) such that

lm
(
L− q∂αt ∂βxg

)
≺ lm(L).

By identifying the leading coefficients of L and q∂αt ∂
β
xg in Wx,t(x, t)

r, we obtain that
lc(g)/ den(q) ∈ K(t)[x], that is den(q) divides lc(g) in K(t)[x] which itself divides f
by hypothesis. This implies that fq∂αt ∂

β
xg is in Wx,t(t)

r, which proves that q∂αt ∂
β
xg ∈

S : (f)∞. By induction hypothesis, L − q∂αt ∂
β
xg is in S : (f)∞ therefore L is also in

S : (f)∞.

Remark 87. The polynomial lcm ({lc(g) | g ∈ G}) is not necessarily the smallest polyno-
mial vanishing on the singular locus of S. An example of this phenomenon is given in
Saito, Sturmfels, Takayama’s book [114, Example 1.4.24].
I now present a new algorithm for computing a holonomic approximation of the partial

Weyl closure Clx(S). Following Rabinowitsch’s trick [108], I introduce a new variable
T that can be thought of as 1/f . This variable commutes with x, t and satisfies for all
ℓ ∈ {x, t}

∂ℓT = T∂ℓ − fℓT 2 (4.26)

where fℓ is ∂f
∂ℓ . This defines a new algebra Wx,t(t)[T ]

r, whose quotient by

Uf =
r∑

i=1

Wx,t(t)[T ](fT − 1)ei (4.27)

is isomorphic to Wx,t(t)[1/f ]
r. Lemma 88 shows that left saturation modules can be

computed by eliminating the variable T in a suitable submodule of this new algebra.

Lemma 88. Let S be a submodule of Wx,t(t)
r and f be a polynomial of K(t)[x], then

S : (f)∞ = (Wx,t(t)[T ]S + Uf ) ∩Wx,t(t)
r.
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The proof is based on the following lemma, whose immediate consequence is

Uf =
r∑

i=1

(fT − 1)Wx,t(t)[T ]ei (4.28)

Lemma 89. The ideal generated by fT − 1 is two-sided, that is

Wx,t(t)[T ](fT − 1) = (fT − 1)Wx,t(t)[T ]

Proof. The direct inclusion is a consequence of the equality

∂ℓ(Tf − 1) = (Tf − 1)(∂ℓ + Tfℓ)

for ℓ ∈ {x, t} and the reverse inclusion follows from the analog formula

(Tf − 1)∂ℓ = (∂ℓ − Tfℓ)(Tf − 1).

I can now prove Lemma 88.

Proof. To simplify the notation, I prove the result for r = 1 only, omitting e1. In
this case, Uf becomes Uf = Wx,t(t)[T ](fT − 1). I start with the direct inclusion. Let
L ∈ S : (f)∞, then there exists i ∈ N∗ such that f iL ∈ S. Hence, T if iL decomposes as

T if iL = (T if i − 1)L+ L ∈Wx,t(t)[T ]S.

Besides fT − 1 divides T if i − 1, which proves by the remark before Lemma 89 that
(T if i − 1) is in Uf . This proves that L is in Wx,t(t)[T ]S + Uf . Because L is in Wx,t(t)
by definition, it belongs to the intersection.
I prove now the reverse inclusion. Let L ∈ (Wx,t(t)[T ]S + Uf ) ∩ Wx,t(t), then L

decomposes as

L =

p∑
i=1

T igi + a

with p ∈ N, g1, . . . , gp ∈ S and a ∈ Uf . Then

fpL =

p∑
i=1

(T if i − 1)fp−igi +

p∑
i=1

fp−igi + fpa = g + ã

with g =
∑

i f
p−igi ∈ S and ã = fpa+

∑p
i=1(T

if i − 1)fp−igi. Using again that fT − 1
divides T if i − 1 and Lemma 89, I obtain that ã is in Uf . However, neither fpL nor g
involves the variable T , thus ã is in Uf ∩Wx,t(t) and must be zero. This proves that
fpL is in S.
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I would like to use Lemma 88 to compute saturations. In the commutative case this
would be done by fixing a monomial order eliminating T and computing a Gröbner basis
with respect to this order. This is however not possible in this setting as there is no
order onWx,t(t)[T ]

r eliminating T that is compatible with multiplication, because of the
anti-commutation rule in Eq. (4.26). This problem is tackled by seeing Wx,t(t)[T ]

r as
an infinite-rank Wx,t(t)-module and performing Gröbner basis computation on trunca-
tions of this infinite rank module. This idea of computing Gröbner bases of truncations
of an infinite-rank module has already been used by Takayama in his integration al-
gorithm [128]. Similarly to his algorithm, the termination criterion that I will use is
based on holonomy, and it does not guarantee that the whole saturation module will be
obtained.
A basis of the Wx,t(t)-module Wx,t(t)[T ]

r is {T jei | j ∈ N, i ∈ J1, rK}. The basis
elements T 0ei will be identified with ei. I define the degree of g ∈ Wx,t(t)[T ]

r in T ,
denoted degT (g), as the largest integer j that appears in the decomposition of g with
non-zero coefficient in this basis. Let G be a finite subset of Wx,t(t)[T ]

r and ℓ be the
largest degree in T appearing in G. Then Wx,t(t)G is included in the finitely generated
Wx,t(t)-module

∑ℓ
i=0

∑r
j=1Wx,t(t)T

iej in which it is possible to compute Gröbner bases
over Wx,t(t). Coupled with Lemma 88 this leads to Algorithm 12.

Algorithm 12 Partial Weyl closure

Input:
• a presentation S ⊆Wx,t(t)

r of a D-finite module
• a polynomial f ∈ K[x, t] vanishing on the singular locus of S

Output: a holonomic approximation of the partial Weyl closure Clx(S)
1 Fix an order on Wx,t(t)[T ]

r eliminating T
2 H ← gens(S) ∪ {(fT − 1)ei | i = 1, . . . , r}
3 G← H; s← 0
4 while Wx,t(t)

r/(Wx,t(t)G ∩Wx,t(t)
r) is not holonomic

5 G← GröbnerBasis
({
T ig | i ∈ N, g ∈ H, degT (T ig) ≤ s

})
6 s← s+ 1
7 return G ∩Wx,t(t)

r

Theorem 90. Algorithm 12 terminates and returns generators G′ of a Wx,t(t)-module
included in Clx(S) such that Wx,t(t)

r/Wx,t(t)G
′ is holonomic.

Proof. Let us first remark that Clx(S) is equal to S : (f)∞ by Theorem 86, and that is
admits a finite Gröbner basis. By Lemma 88 this Gröbner basis can be obtained from a
finite number of generators of the Wx,t(t)-module Wx,t(t)[T ]S + Uf . Besides S : (f)∞

is holonomic by Theorem 84 which proves that the algorithm terminates. Its correction
is also a consequence of Theorem 84, Theorem 86 and Lemma 88.

Remark 91. Let (Gs)s∈N be the sequence of Gröbner bases computed on line 5 of Algo-
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rithm 12 and let (G′s)s∈N be the sequence defined by G′s = Gs ∩Wx,t(t)
r. Two other

possible termination criteria for Algorithm 12 are:

• stopping at the first s′ such that G′s′ = G′s′+1 and Wx,t(t)
r/Wx,t(t)G

′
s′ is holo-

nomic,

• stopping at the first s′+h for whichWx,t(t)/Wx,t(t)G
′
s′ is holonomic, where h ∈ N

is a prescribed integer.

At present, however, I do not know any criterion that guarantees the output coincides
with Clx(S) without explicitly computing a b-function.

4.2.3 Application
The integration algorithm presented in Chapter 3 requires computing from a holonomic
Wx,t-module P a presentation of the Wx(t)-module M = K(t)⊗K[t] P with a derivation
map δt onM . An algorithm to perform this computation was described in Section 3.4.3.
In practice, however, a holonomic Wx,t-module P is often obtained from its D-finite
counterpart Wx,t(x, t)P via Weyl closure. By using partial Weyl closure, one can in-
stead compute M and the derivation δt directly from Wx,t(x, t)P . The algorithm is
presented in Algorithm 13. When Algorithm 12 does not return the full partial closure,
the algorithm computes instead a module M ′ containing M as a submodule.

Algorithm 13 Computation of M and δt

Input: a presentation S ⊆Wx,t(x, t)
s of the D-finite module Wx,t(x, t)P .

Output:
• a presentation S′ ⊆Wx(t)

r of the Wx(t)-module M = K(t)⊗K[t] P
• a derivation δt : M → M such that φ(∂tm) = δt(φ(m)) for all m ∈ M , where
φ : P →M is the natural inclusion

1 Let G be a generating set of S with coefficients in K(t)[x]
2 Compute the partial Weyl closure Clx(Wx,t(t)G) by Algorithm 12
3 Let G′ be a reduced Gröbner basis of Clx(Wx,t(t)G) for an order eliminating ∂t
4 For i ∈ {1, . . . , s}, let gi be the unique element of G′ s.t. lm(g) = ∂ℓit ei for some ℓi ∈ N
5 Let ℓ = max(ℓ1, . . . , ℓs)
6 G′′ ← ∅
7 for each g in G′ \ {g1, . . . , gs}
8 G′′ ← G′′ ∪ {g, . . . , ∂ℓ−deg∂t (g)t g}
9 Define δt by δt(m) = LRem(m, g1, . . . , gs)

10 return G′′ and δt

Theorem 92. Algorithm 13 terminates. Moreover, if Algorithm 12 computes the full
partial Weyl closure, then Algorithm 13 is correct.
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Proof. The termination follows directly from the termination of Algorithm 12. For
correctness, observe that

Wx,t(t)
r/Clx(Wx,t(t)G) ' K(t)⊗K[x] P

is holonomic as a Wx(t)-module by Lemma 54. The existence of the gi then follows from
the noetherianity of this module (see also Lemma 55), while uniqueness follows from
the property of a reduced Gröbner basis. Finally, the fact that δt satisfies the required
property, and that Wx(t)

s/Wx(t)G is isomorphic to M ′, are consequences of Lemma 56.

4.3 Timings
This section presents benchmarks of a preliminary implementation [27] of my partial
Weyl closure algorithm (Algorithm 12). The results are compared with two existing
implementations of Tsai’s algorithm, the first one is part of Singular’s [56] Plural pack-
age [90], while the second one is part of Macaulay2’s [70] Dmodules package [91]. Since
the optimization of my code is still a work in progress, the results reported here are
provisional and will likely change with future versions of the package. Nevertheless,
these preliminary experiments suggest that Algorithm 12 will likely have meaningful
applications.
Comparing different algorithms implemented by different authors in different program-

ming languages is always delicate. In this case, the comparison is even more delicate as
both approaches rely on Gröbner basis computations, whose efficiency is highly depen-
dent on the underlying implementation. For this reason, I first benchmark the Gröbner
basis implementations used in these three systems.
Benchmarks were performed on a cluster, where each node is equipped with two

Intel(R) Xeon(R) E5-2660 v2 CPUs and 256 GB of RAM. Each CPU has 10 cores with
hyper-threading (20 threads). All computations were run on a single thread when the
cluster was not under heavy load, although the workload manager may have scheduled
multiple threads on the same CPU, making the effective memory available per thread
difficult to estimate.

4.3.1 Gröbner bases
In Plural, Gröbner bases are computed using slimgb [26], an algorithm specifically de-
signed to limit intermediate expression growth. Macaulay2’s Dmodules package, on the
other hand, uses the standard Buchberger algorithm, invoked through the “gbw” com-
mand. To the best of my knowledge, users may specify only a weight vector, but not a
general monomial order. The Julia implementation relies on the F4 algorithm [65]. All
three implementations are tested over the finite field F536870909 as well as over Q.

88



4 Weyl closure

Gröbner bases over a finite field
The performances of the three implementations are compared in Table 4.1 over the field
F536870909 on the following set of examples. 7reg and 8reg correspond to the Wx(t)-
module S described in Theorem 60 where t was evaluated at 42 for k = 7 and k = 8
respectively. Beukers3 and Beukers4 correspond to the computation of the annihilator
of ef where

f = x64 − (x24 − x1x2)x3x34 − 4049x1x2x3(x4 − x1)(x4 − x2)(x4 − x3) (4.29)

is the homogenized polynomial appearing in Eq. (1.17). In Beukers3, the variable x4 has
been evaluated at 1987. Exp1 corresponds to the computation of the annihilator of eg
where

g = (x21 + x22 + x23)(x
4
1 + x42 + x43). (4.30)

For the above examples, the parenthesis (gl) in Table 4.1 indicates that the order

grevlex(x1, . . . , xℓ, ∂1, . . . , ∂ℓ) (4.31)

was used in Julia and Singular, while the weight vector (1,1) was chosen in Macaulay2.
Similarly, the parenthesis (elim) indicates that the block order

lex(x1, . . . , xℓ) > lex(∂1, . . . , ∂ℓ) (4.32)

was used in Julia and Singular, while the weight vector (1,0) was chosen in Macaulay2.
The examples ha2, reiffen11, and ucha2 correspond to the computation in line 3 of Al-

gorithm 6 on input the polynomials

x1x2x3x4(x1 + x2)(x1 + x3)(x1 + x4) (4.33)
x111 + x112 + x1x

10
2 (4.34)

x41 + x52 + x1x
4
2 (4.35)

(4.36)

respectively. The first two examples are taken from [89], and the third from [88]. All
three are computed with the block order

grevlex(u, v) > grevlex(s, t, x1, . . . , xℓ, ∂t, ∂1, . . . , ∂ℓ). (4.37)

Since Julia uses Just-In-Time (JIT) compilation, the compilation overhead of approx-
imately 7-8 seconds is included in the timings. We observe that Macaulay’s implemen-
tation falls behind both Julia and Singular, which achieve comparable performances.
Julia’s f4 tends to perform slightly better with grevlex orders, whereas Singular’s slimgb
is more efficient for elimination block orders. The sizes reported in Table 4.1 correspond
to the number of elements in the reduced Gröbner basis returned as output. This is
the only check performed to verify that the outputs are the same. Note that Macaulay2
may return different Gröbner bases than the other two making the comparison less
meaningful.
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Table 4.1: Comparison of three Gröbner basis implementation over the field F536870909.
The column time indicates the computation time and the column size the
number of operators in the output reduced Gröbner basis.

Julia-f4 Macaulay2 Singular
time size time size time size

7reg (elim) 8s 23 <1s 23 <1s 23
7reg (gl) 9s 23 <1s 23 <1s 23

8reg (elim) 9s 42 1s 42 4s 42
8reg (gl) 4min 49s 59 1h 38min 10s 59 5min 8s 59

Beukers3 (elim) 13s 30 <1s 29 1s 30
Beukers3 (gl) 6s 28 <1s 28 <1s 28

Beukers4 (elim) 1min 25s 75 20h 26min 49s 162 31s 75
Beukers4 (gl) 6min 9s 164 1h 38min 15s 164 31min 27s 164
Exp1 (elim) 10s 121 <1s 27 10s 121
Exp1 (gl) 7s 27 <1s 27 <1s 27

ha2 1h 56min 40s 334 1h 49min 35s 499 1h 43min 56s 334
ucha2 7s 23 <1s 38 <1s 23

reiffen11 7s 11 <1s 24 <1s 11

Gröbner basis over Q
The same set of examples as in the previous paragraph is used in Table 4.2 to compare
the three implementations over Q. Singular and Macaulay2 perform the computation
directly over the integers, whereas my Julia implementation proceeds modulo several
primes and then reconstructs the result in Q. To my surprise, this does not yield good
performance. It will have to be investigated and possibly changed in future versions of
my package.
We observe that Singular’s implementation performs significantly better than Macau-

lay2, which in turn outperforms my Julia implementation. The label “INPUT OVFL”
indicates that an integer in the input ideal exceeded 32 bits, causing an overflow and an
incorrect result. The label “MEM” indicates that the program ran out of memory.

4.3.2 Weyl closure
The three implementations of the Weyl closure are now compared in Table 4.3. Recall
that Algorithm 12 only computes an approximation of the Weyl closure. The benchmark
set consists in computing the Weyl closure of the D-finite annihilator of the following
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Table 4.2: Comparison of three Gröbner basis implementation over the field Q. The
column time indicates the computation time and the column size the number
of operators in the output reduced Gröbner basis

Julia-f4 Macaulay2 Singular
time size time size time size

7reg (elim) 9s 23 <1s 23 1s 23
7reg (gl) 9s 23 <1s 23 <1s 23

8reg (elim) 11s 42 1s 42 21s 42
8reg (gl) 14h 5min 24s 59 1h 45min 57s 59 14min 43s 59

Beukers3 (elim) 3min 22s 30 <1s 29 INPUT OVFL
Beukers3 (gl) 9s 28 <1s 28 INPUT OVFL

Beukers4 (elim) >4j MEM 39s 75
Beukers4 (gl) 26h 35min 38s 164 2h 19min 57s 164 1h 29min 33s 164
Exp1 (elim) 4h 22min 19s 194 <1s 27 12s 121
Exp1 (gl) 9s 27 <1s 27 <1s 27

ha2 >4j 1h 48min 32s 499 1h 48min 42s 334
ucha2 8s 23 <1s 38 <1s 23

reiffen11 9s 11 <1s 24 <1s 11

integrands:∫ ∞
0

x J1(ax) I1(ax) Y0(x) K0(x) dx grevlex(a, x, ∂a, ∂x)

(4.38)∫ ∞
0

∫ ∞
0

J1(x) J1(y) J2
(
t
√
xy
) dx dy
ex+y

grevlex(t, x, y, ∂t, ∂x, ∂y)

(4.39)∫ b

a
arccos

(
x√

(a+ b)x− ab

)
dx grevlex(x, a, b, ∂x, ∂a, ∂b)

(4.40)∫ ∞
0

Ai
(
22/3(x2 + u)

)
dx grevlex(x, u, ∂x, ∂u)

(4.41)∫
dx dy(

(y2 + 1)(x2 + 1) t− xy
) grevlex(t, x, y, ∂t, ∂x, ∂y)

(4.42)∫
dx dy dz

1− (1− xy)z − txyz(1− x)(1− y)(1− z)
grevlex(t, x, y, z, ∂t, ∂x, ∂y, ∂z)

(4.43)∫
dxdydzdw

q(x, y, z, w)t− xyzw
grevlex(t, x, y, z, w, ∂t, ∂x, ∂y, ∂z, ∂w)

(4.44)91
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Table 4.3: Comparison of three algorithms for the Weyl closure. The column time indi-
cates the computation time and the column size the number of operators in
the output Gröbner basis. Julia and Singular return reduced Gröbner bases
but not Macaulay2.

Julia Macaulay2 Singular
time size time size time size

Eq. (4.38) 4min 38s 19 14s 396 8s 32
Eq. (4.39) 27s 8 50s 223 5min 57s 13
Eq. (4.40) 20s 10 ERR ERR 1min 50s 10
Eq. (4.41) 20s 4 <1s 29 <1s 4
Eq. (4.42) 20s 13 MEM MEM 3s 13
Eq. (4.43) 22s 37 MEM MEM 1min 50s 15
Eq. (4.44) 97h 38min 54s 143 MEM MEM MEM MEM

where on the last equation

q = (x2y2z2w2+x2y2zw2+x2yz2w2+xy2zw2+xy2w2+xyzw2+xyz+xz2+xy+xz+y+z).

The symbols J, I,Y,K denote the usual Bessel functions and Ai denotes the Airy function
of the first kind. Eqs. (4.38) and (4.39) were taken from Chyzak’s habilitation thesis [48],
Eq. (4.43) appeared in [14], Eq. (4.42) belongs to a family of integrals related to the
enumeration of small step walks in the quarter plane [21] (with a polynomial factor in
the numerator removed), Eq. (4.40) is from the example base of [20], Eq. (4.41) is from
Koutschan’s database [85], and Eq. (4.44) is the period of a Calaby-Yau 3-fold appearing
in the database1 associated to the article [10] (Topology #42, polytope v25.59).
The compilation time included in the timings of the Julia implementation seems to be

around 20 seconds. If we disregard this overhead, Julia outperforms the other two algo-
rithms on all examples except Eq. (4.38). However, on both examples involving Bessel
functions, Julia does not compute the complete Weyl closure. My Julia implementation
computes the output Gröbner basis modulo several primes and then reconstructs its co-
efficients in Q. Since the same strategy was used for Gröbner basis computations over Q
and led to poor timings, the speed-ups obtained on Eqs. (4.39), (4.40), (4.43) and (4.44)
suggest that this algorithm holds promising potential for practical applications.
Note that the holonomic annihilator of rational functions can be obtained by other

means. For example, the annihilator of the integrand in Eq. (4.43) can be obtained in
roughly 30 seconds in Singular.

1http://hep.itp.tuwien.ac.at/~kreuzer/math/0802/
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5 Perspectives
The time spent on a PhD always feels too short, and inevitably there are ideas or projects
I didn’t have time to fully explore, or even to start. This chapter is meant to share some
of them:

1. Implementation. Much work remains to be done on the implementation side. In
computer algebra, the success of an algorithm almost always goes hand in hand
with a user-friendly and efficient implementation.

2. Reductions. I have had several ideas for alternative reductions for multivariate
integration that could potentially lead to more efficient algorithms. The first might
allow us to recover the same performance for the integration of rational functions
as Lairez’s algorithm. The second could address an efficiency issue that is observed
when integrating polynomials. The third and final idea proposes a reduction that
could compute minimal telescopers.

3. Binomial sums. One natural extension of my PhD, suggested by my advisor
Pierre Lairez, concerns the class of binomial sums. With Alin Bostan and Bruno
Salvy [24], they proposed an algorithm for rewriting these sums as integrals of
rational functions, which could then be computed with Lairez’s integration algo-
rithm. Since the multivariate integration algorithm presented in Chapter 3 is more
general than Lairez’s algorithm, it is natural to explore whether this approach can
be extended to a broader class of sums.

5.1 Implementation
One of the first directions I plan to pursue after my PhD is to provide a more efficient
implementation of Algorithm 12, which in turn requires a better implementation of
Gröbner bases over Q and over parametric fields. For Gröbner basis over Q, it is not
clear at this stage whether the main source of inefficiency lies in the reconstruction
strategy from modular computations or in shortcomings of the current implementation;
this question will require further investigation. For Gröbner bases over parametric fields,
the current implementation relies on a generic representation of the coefficient field,
which can cause severe coefficient swell. To address this, specialized subroutines should
be designed for this case, as well as for computations over Q. In addition, I plan to extend
the benchmarks presented in Section 4.3 by incorporating a wider range of examples.
Finally, I intend to redesign my package MultivariateCreativeTelescoping.jl [27]
to make it more robust and user-friendly.
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5.2 Improving reductions for multivariate integration
The family of reduction procedures described in Section 3.3 and used in Algorithm 5 is
not entirely satisfactory for two reasons. First, it does not perform as well as the Griffiths-
Dwork reduction (see Section 3.3.4) and second, it performs very poorly for integrating
polynomials, as shown by Example 59. Although employing creative telescoping for
integrating polynomials is excessive, comparable inefficiencies may well occur in other
applications yet to be identified. This section presents three ideas to build more efficient
reductions or family of reductions, two of which are based on the following theorem.

Theorem 93. Let S be a submodule of W r
x, let g1, . . . , gℓ be generators of S and let J

be the left K[x]-module
∑ℓ

i=1K[x]gi. Then we have the following equality of K-vector
space:

S + ∂W r
n = J + ∂W r

n . (5.1)

Proof. Clearly J + ∂W r
n ⊆ S + ∂W r

n . Let a ∈ S + ∂W r
n , then a =

∑ℓ
i=1(qi + di)gi + d

with qi ∈ K[x] and d, di ∈ ∂W r
n . Reordering the sum as

a =

(
ℓ∑

i=1

qidigi

)
+

(
d+

ℓ∑
i=1

digi

)
(5.2)

we obtain a ∈ J + ∂W r
n .

A direct corollary of this theorem is an alternative description of the integral of the
module M =W r

x/S as
M/∂M 'W r

x/(J + ∂W r
x). (5.3)

As a result it seems possible to perform integration using a Gröbner basis of the K[x]-
module J instead of a Gröbner basis of theWx-module S. Experiments indicate that the
former is easier to compute when S is the annihilator of the exponential of a homogeneous
polynomial, as in the Griffiths-Dwork reduction, but not when S is the module defined
in Theorem 60. This suggests that both formulations may be useful, depending on the
situation.

5.2.1 A variant of the family of reductions ([ . ]η)η

The isomorphism in Theorem 93 offers an alternative way to represent the integral of
a module. In this representation, the Wx-module S is replaced by the K[x]-module J .
It is then natural to consider how the reduction family defined in Section 2.4 might be
adapted to J . Let G be a Gröbner basis of the K[x]-module J . The binary relation →1

introduced in Section 2.4 can be adapted as follows: given a ∈W r
x , λ ∈ K, m ∈Mx, and

g ∈ G, we write
a→1 a− λmg (5.4)

if lm(mg) is in the support of a but not in the support of a− λmg.
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With this modified version of →1, the definition of [.] extends naturally, as does the
statement of Theorem 37. However, the criterion provided by Lemma 38, which enables
more efficient computation of irreducible elements, does not appear to generalize.
When S is the annihilator of the exponential of a homogeneous polynomial p, as

in the Griffiths-Dwork reduction, and the generators g1, . . . , gn are chosen to be ∂1 −
∂p
∂x1

, . . . , ∂n− ∂p
∂xn

, computing a Gröbner basis of J is equivalent to computing a Gröbner
basis of the ideal generated by the partial derivatives of p: ∂p

∂x1
, . . . , ∂p

∂xn
. Hence, we

retrieve the input of the Griffiths-Dwork reduction, thus solving the issue highlighted at
the end of Section 3.3.4. With some effort, it should be possible to adapt the reduction
algorithms to recover the same performance as in the Griffiths-Dwork reduction.

5.2.2 A reduction using shift algebras
This section presents preliminary ideas for a new reduction procedure with calculations
in shift algebras. It builds on the isomorphism presented in Theorem 93 and can
be regarded as a multivariate generalization of the polynomial reduction used in sev-
eral D-finite creative telescoping algorithms, including the one presented in Chapter 2
(see Section 2.4.4). A related approach has already been employed in physics for the
computation of Feynman integrals [7, 6]. For better readability, I restrict to the case
r = 1; the general case follows analogously.
When computing normal forms modulo J + ∂Wx, terms involving ∂i can be easily

reduced using operators from ∂Wx. The main difficulty lies in finding the polynomials
that belong to J + ∂Wx. For a ∈ Nn, we remark that reducing xagi modulo ∂Wx

amounts to evaluate the adjoint [66, p.231] of gi denoted g∗i at xa, that is

Rem(xagi,∂Wx) = g∗i (x
a). (5.5)

The following theorem characterizes the polynomials in J + ∂Wx by means of adjoints.

Theorem 94. Let g1, . . . , gℓ ∈ Wx be generators of the K[x]-module J . The K-vector
space (J + ∂Wx) ∩K[x] is generated by g∗i (xa) for i ∈ {1, . . . , ℓ} and a ∈ Nn.

Proof. First observe that g∗i (xa) belongs to (J + ∂Wx) ∩ K[x] for any i and a ∈ Nn.
Conversely, let p ∈ (J + ∂Wx) ∩K[x]. Then p admits a decomposition of the form

p =
∑
i,a

λi,ax
agi + d (5.6)

where λi,a ∈ K and d ∈ ∂Wx. Reducing (5.6) modulo ∂Wx gives

p =
∑
i,a

λi,ag
∗
i (x

a) (5.7)

since p is in K[x] and d vanishes modulo ∂Wx.
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The idea of the reduction is to obtain indicial equations by replacing a with a symbolic
n-tuple α. Consider the K-vector space

N =
∑
a

ℓ∑
i=1

Kg∗i (xα+a). (5.8)

One verifies that N has a natural structure of K[α]〈Sα〉-module, and that there exists
b ∈ Nn such that

N ⊆ K[α][x] · xα−b. (5.9)

Let ≼ be a monomial order on K[x]. Any element of g ∈ N gives rise to an equation of
the form:

g(xα) = (cg(α)xag + lower-order terms) · xα−b, (5.10)

where cg(α) ∈ K[α] plays the role of an indicial equation and ag ∈ Nn. This equation
can be used to find polynomials in (J + ∂Wx) by replacing α with an n-tuple of integer
values. The leading term of g(a) can be predicted, except when its leading coefficient
cg(a) vanishes. A natural idea to define a reduction modulo (J + ∂Wx) ∩ K[x] is to
compute a Gröbner basis of N for the shift structure and to use the indicial equations
obtained from this Gröbner basis to build a reduction in a similar fashion as in Algo-
rithm 3.

I face two difficulties in turning this idea into an algorithm. The first one is theo-
retical: finding the values a for which the coefficients cg(α) ∈ K[α] vanish amounts to
finding the integer solutions of a multivariate polynomial, which is known to be unde-
cidable, as stated by Matiyasevich’s theorem. The second is computational: preliminary
experiments in Maple indicated that computing a Gröbner basis of the module N may
be prohibitively expensive. Similar observations were reported in [7, 6].
The first problem may not be as serious in practice as it initially appears: the poly-

nomials cg(α) could have a nice structure for some restricted classes of integrands, or
cancellations might be sufficiently rare to be ignored, leading to a viable heuristic algo-
rithm. The second problem requires further investigation to determine whether these
Gröbner bases are intrinsically hard to compute, and if not, whether it would be possible
to improve existing Gröbner basis implementations for shift algebras.

5.2.3 Reduction using order associated to a weight vector
Another idea for constructing a reduction modulo S+∂Wx (again assuming r = 1) is to
use Gröbner bases with respect to an order defined by a weight vector w ∈ (R∗+)n [114,
p.6], combined with a suitable monomial order as a tie-breaker. More precisely, let ≼ be
a monomial order eliminating x and define ≼(w,−w) by

xa∂b ≼(w,−w) x
a′
∂b′ ⇔

(a− b) ·w < (a′ − b′) ·w,

or (a− b) ·w = (a′ − b′) ·w and xa∂b ≼ xa′
∂b′ .

(5.11)

96



5 Perspectives

Here the variable xi is assigned a weight wi, while ∂i is assigned a weight −wi. The
presence of negative weights makes this order not well-founded, that is there exists
strictly decreasing sequences. One such example is the sequence (∂ℓ1)ℓ∈N. Nevertheless,
finite Gröbner bases still exist and can be computed by homogeneization of the Weyl
algebra Wx [114, Chap. 1.2]. The next theorem shows that, given such a Gröbner
basis, one can define a reduction procedure that reduces modulo S + ∂Wx up to a
finite-dimensional vector space.

Theorem 95. Let G be a Gröbner basis of S for ≼(w,−w). There exists an integer s0
such that for any a ∈ Nn with a · w > s0, there exists g ∈ S and m ∈ Mx such that
lm≼(w,−w)

(mg) = xa.

The proof is a direct adaptation of a very similar lemma found in Saito, Sturmfels
and Takayama’s book [114, Lemma 5.1.8]. The integer s0 in the theorem corresponds
to the largest root of the b-function associated to the ideal I with respect to the weight
vector w [114, Definition 5.1.1]. Whenever no reducer g ∈ G exists for a monomial xa,
the corresponding number w · a is a root of b. The converse implication, however does
not hold. As a consequence, if one is willing to compute the b-function, then one can
also obtain a reduction that computes normal forms. This, in turn, yields a creative
telescoping algorithm capable of computing minimal telescopers.
The efficiency of this reduction depends entirely on the performance of Gröbner basis

computations for weight orders. I have not investigated this subject during my PhD,
and I therefore cannot assess the practical performance of such a reduction.

5.3 Extending the class of binomial sums that can be
represented as integrals

Creative telescoping algorithms based on reductions do not compute the certificate in
general. While this approach is often justified in the case of integration, it becomes
problematic for summation, where singularities in the certificate frequently arise. An
idea of Bostan, Lairez, and Salvy [24] consists in expressing a certain class of sums
as formal residues of rational functions, thereby turning a summation problem into an
integration problem with natural boundaries. They called the class of sums for which
their method applies the class of binomial sums, and defined it inductively as follows.

Definition 96. The class of binomial sum is defined inductively by:

• the sequence (δn)n∈Z defined by δ0 = 1 and δn = 0 for n 6= 0 is a binomial sum,

• the geometric sequences (Cn)n∈Z for all C ∈ K \ {0} are binomial sums,

• the binomial sequence
((

n
k

))
n,k∈Z is a binomial sum,

• the product and any K-linear combination of two binomial sums are binomial sums,

• if λ : Zd → Ze is an affine map and if u is a binomial sum, then the sequence
n ∈ Zd → uλ(n) is a binomial sum,
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• if u is a binomial sum, then the following indefinite sum is also a binomial sum

(n,m) ∈ Zd × Z 7→
m∑
k=0

un,k. (5.12)

Two examples of binomial sums taken from the authors’ article are:

2n∑
k=0

(−1)k
(
2n

k

)3

,

n∑
i=0

n∑
j=0

(
i+ j

i

)2(4n− 2i− 2j

2n− 2i

)
. (5.13)

While their method allows computing many sums arising in the literature very effi-
ciently, the class of binomial sums remains rather restrictive. A natural research direction
is to enlarge this class by allowing more general integral representations: one could con-
sider holonomic functions in the integrand (instead of only rational functions) and one
could allow boundaries defined by polynomial inequalities. Indeed, Oaku [100] showed
that such integrals can be handled automatically by creative telescoping. Our integra-
tion algorithm presented in Section 3.3 would be a good candidate form computing such
integrals. Some possibly useful integral representations are for instance:

1

n
=

∫ 1

0
xn−1dx, (5.14)

n! =

∫ ∞
0

xn−1e−xdx, (5.15)

1

n!
=

1

2iπ

∮
ex

xn+1
dx, (5.16)

which would allow respectively the occurrence in binomial sums of polynomials in the
denominator, factorials and the inverse of factorials.
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